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ABSTRACT
As recommender systems become increasingly central for sorting
and prioritizing the content available online, they have a growing
impact on the opportunities or revenue of their items producers. For
instance, they influence which recruiter a resume is recommended
to, or to whom and how much a music track, video or news article
is being exposed. This calls for recommendation approaches that
not only maximize (a proxy of) user satisfaction, but also consider
some notion of fairness in the exposure of items or groups of items.
Formally, such recommendations are usually obtained by maxi-
mizing a concave objective function in the space of randomized
rankings. When the total exposure of an item is defined as the sum
of its exposure over users, the optimal rankings of every users be-
come coupled, which makes the optimization process challenging.
Existing approaches to find these rankings either solve the global
optimization problem in a batch setting, i.e., for all users at once,
which makes them inapplicable at scale, or are based on heuristics
that have weak theoretical guarantees. In this paper, we propose
the first efficient online algorithm to optimize concave objective
functions in the space of rankings which applies to every concave
and smooth objective function, such as the ones found for fairness
of exposure. Based on online variants of the Frank-Wolfe algorithm,
we show that our algorithm is computationally fast, generating
rankings on-the-fly with computation cost dominated by the sort
operation, memory efficient, and has strong theoretical guarantees.
Compared to baseline policies that only maximize user-side per-
formance, our algorithm allows to incorporate complex fairness of
exposure criteria in the recommendations with negligible compu-
tational overhead. We present experiments on artificial music and
movie recommendation tasks using Last.fm andMovieLens datasets
which suggest that in practice, the algorithm rapidly reaches good
performances on three different objectives representing different
fairness of exposure criteria.
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1 INTRODUCTION
Recommender systems are ubiquitous in our lives, from the priori-
tization of content in news feeds to matching algorithms for dating
or hiring. The objective of recommender systems is traditionally
formulated as maximizing a proxy for user satisfaction such as
ranking performance. However, it has been observed that these
recommendation strategies can have undesirable side effects. For
instance, several authors discussed popularity biases and winner-
take-all effects that may lead to disproportionately expose a few
items even if they are assessed as only slightly better than others
[1, 3, 34], or disparities in content recommendation across social
groups defined by sensitive attributes [18, 37]. An approach to mit-
igate these undesirable effects is to take a more general perspective
to the objective of recommendation systems. Considering recom-
mendation as an allocation problem [33, 34] in which the “resource”
is the exposure to users, the objective of recommender systems
is to allocate this resource fairly, i.e., by taking into account the
interests of the various stakeholders – users, content producers,
social groups defined by sensitive attributes – depending on the
application context. This perspective yields the traditional objective
of recommendation when only the ranking performance averaged
over individual users is taken into account.

There are two main challenges associated with the fair allocation
of exposure in recommender systems. The first challenge is the
specification of the formal objective function that defines the trade-
off between the possibly competing interests of the stakeholders in
a given context. The second challenge is the design of a scalable
algorithmic solution: when considering the exposure of items across
users in the objective function, the system needs to account for
what was previously recommended (and, potentially, to whom)
when generating the recommendations for a user. This requires
solving a global optimization problem in the space of the rankings
of all users. In contrast, traditional recommender systems simply
sort items by estimated relevance to the user, irrespective of what
was recommended to other users.

In this paper, we address the algorithmic challenge, with a solu-
tion that is sufficiently general to capture many objective functions
for ranking with fairness of exposure, leaving the choice of the exact
objective function to the practitioner. Following previous work on
fairness of exposure, we consider objective functions that are con-
cave functions that should be optimized in the space of randomized
rankings [11, 32, 34, 35]. Our algorithm, Offr (Online Frank-Wolfe
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for Fair Ranking), is a computationally efficient algorithm that opti-
mizes such objective functions online, i.e., by generating rankings
on-the-fly as users request recommendations. The algorithm dy-
namically modifies item scores to optimize for both user utility
and the selected fairness of exposure objective. We prove that the
objective function converges to the optimum in O(1/√t), where
t is the number of time steps. The computational complexity of
Offr at each time step is dominated by the cost of sorting, and it
requires only O(#users + #items) storage. The computation cost of
Offr are thus of the same order as what is required in traditional
recommenders systems. Consequently, using Offr, taking into ac-
count fairness of exposure in the recommendations is (almost) free.
Our main technical insight is to observe that in the context of fair
ranking, the usage of Frank-Wolfe algorithms [12] resolves two
difficulties:

(1) Frank-Wolfe algorithms optimize in the space of probability
distributions but use at each round a deterministic outcome
as the update direction. In our case, it means that Offr
outputs a (deterministic) ranking at each time step while
implicitly optimizing in the space of randomized rankings.

(2) Even though the space of rankings is combinatorial, the
objective functions used in fairness of exposure have a lin-
ear structure that Frank-Wolfe algorithms can leverage, as
already noticed by Do et al. [11].

Compared to existing algorithms, Offr is the first widely ap-
plicable and scalable algorithm for fairness of exposure in rank-
ings. Existing online ranking algorithms for fairness of exposure
[3, 32, 41] are limited in scope as they apply to only a few possible
fairness objectives, and only have weak theoretical guarantees. Do
et al. [11] show how to apply the Frank-Wolfe algorithm to gen-
eral smooth and concave objective functions for ranking. However,
they only solve the problem in a batch setting, i.e., computing the
recommendations of all users at once, which makes the algorithm
impractical for large problems, because of both computation and
memory costs. Our algorithm can be seen as an online variant of
this algorithm, which resolves all scalability issues.

We showcase the generality of Offr on three running examples
of objective functions for fairness of exposure. The first two ob-
jectives are welfare functions for two-sided fairness [11], and the
criterion of quality-weighted exposure [3, 34]. The third objective,
which we call balanced exposure to user groups, is novel. Taking
inspiration from audits of job advertisement platforms [18], this ob-
jective considers maximizing ranking performance while ensuring
that each item is evenly exposed to different user groups defined
by sensitive attributes.

In the remainder of the paper, we present the recommendation
framework and the different fairness objectives we consider in
the next section. In Sec. 3, we present our online algorithm in
its most general form, as well as its regret bound. In Sec. 4, we
instantiate the algorithm on three fairness objectives and provide
explicit convergence rates in each case. We present our experiments
in Sec. 5. We discuss the related work in Sec. 6. Finally, in Sec. 7, we
discuss the limitations of this work and avenues for future research.

2 FAIRNESS OF EXPOSURE IN RANKINGS
This paper addresses the online ranking problem, where users ar-
rive one at a time and the recommender system produces a ranking
of k items for that user. We focus on an abstract framework where
the recommender system has two informal goals. First, the recom-
mended items should be relevant to the user. Second, the exposure
of items should be distributed “fairly” across users, for some def-
inition of fairness which depends on the application context. We
formalize these two goals in this section, by defining objective func-
tions composed of a weighted sum of two terms: the user objective
which depends on the ranking performance from the user’s per-
spective, and the fairness objective, which depends on the exposure
of items. In this section, we focus on the ideal objective functions,
which are defined in a static ranking framework. In the next sec-
tions, we focus on the online ranking setting, where at each time
step, an incoming user requests recommendations and the recom-
mender systems produces the recommendation list on-the-fly while
optimizing these ideal objective functions.

In order to disentangle the problem of learning user preferences
from the problem of generating fair recommendations, we consider
that user preferences are given by an oracle. We start this section by
describing the recommendation framework we consider. We then
present the fairness objectives we focus on throughout the paper.

Notation. Integer intervals are denoted within brackets, i.e., ∀n ∈
N, [[n]] = {1, ..,n}. We use the Dirac notation ⟨x |y⟩ for the dot
product of two vectors of same dimension x and y. Finally, 1{expr}
is 1 when expr is true, and 0 otherwise.

2.1 Recommendation framework
We consider a recommendation problem with n users andm items.
We identify the set of users with [[n]] and the set of items with
[[m]]. We denote by µi j ∈ [0, 1] the value of recommending item
j to user i (e.g., a rating normalized in [0, 1]). To account for the
fact that users are more or less frequent users of the platform, we
define the activity of user i as a weightwi ∈ [0, 1]. We consider that
w = (w1, ...,wn ) is a probability distribution, so that in the online
setting described later in this paper,wi is the probability that the
current user at a given time step is i .

The recommendation for a user is a top-k ranking (or simply
ranking when the context is clear), i.e., a sorted list of k unique
items, where typically k ≪m. Formally, we represent a ranking by
a mapping σ : [[k]] → [[m]] from ranks to recommended items with
the constraint that different ranks correspond to different items.
The ranking performance on the user side follows the position-
based model, similarly to previous work [3, 11, 33–35]. Given a set
of non-negative, non-increasing exposure weights b = (b1, ...,bk ),
the ranking performance of σ for user i , denoted by ui (σ ), is equal
to:

ui (σ ) =
k∑
r=1

µi,σ (r )br with b1 ≥ ... ≥ bk ≥ 0. (1)

We use the shorthand user utility to refer to ui . Following previous
work on fairness of exposure, we interpret the weights in b as being
commensurable to the exposure an item receives given its rank. The
weights are non-increasing to account for the position bias, which
means that the user attention to an item decreases with the rank of
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the item. Given a top-k ranking σ , the exposure vector induced by σ ,
denoted by E(σ ) ∈ Rm assigns each item to its exposure in σ :

∀j ∈ [[m]],Ej (σ ) =
{
br if ∃r ∈ [[k]],σ (r ) = j

0 otherwise
. (2)

The user utility is then equal to ui (σ ) =
m∑
j=1

µi jEj (σ ) = ⟨µi |E(σ )⟩.
In practice, the ranking given by a recommender system to a

user is not necessarily unique: previous work in static rankings
consider randomization in their rankings [34], while in our case of
online ranking, it is possible that the same user receives different
rankings at different time steps. In that case, we are interested in
averages of user utilities and item exposures. To formally define
these averages, we use the notation:

E = {
E(σ ) : σ is a top-k ranking

}
E = convexhull(E) Π = En .

(3)

E is the set of possible item exposures vectors and E is the set of
possible average exposure vectors. Π is an exposure matrix, where
πi j is the average exposure of item j to user i . Under the position-
based model, a matrix π ∈ Π characterizes a recommender system
since it specifies the average exposure of every item to every user.
We use π as a convenient mathematical device to study the opti-
mization problems of interests, keeping in mind that out algorithms
effectively produce a ranking at each time step.

Recalling thatw represents the user activities, the user utilities
and total item exposures under π are defined as

(utility of user i) ui (π ) = ⟨µi |πi ⟩

(exposure of item j) vj (π ) =
n∑
i=1

wiπi j .
(4)

Fairness of exposure refers to objectives in recommender systems
where maximizing average user utility is not the sole or main objec-
tive of the system. Typically, the exposure of items vj , or variants
of them, should also be taken into account in the recommendation.
We formulate the goal of a recommender system as optimizing an
objective function f (π ) over π ∈ Π, where f accounts for both the
user utility and the fairness objectives.

2.2 Fairness Objectives
We now present our three examples of objective functions f (π ) in
order of “difficulty” to perform online ranking compared to static
ranking. In all three cases, it is easy to see that the objective func-
tions are concave with respect to the recommended exposures π .
The objective functions should be maximized, so the optimal expo-
sures π∗ satisfy

π∗ ∈ argmax
π ∈Π

f (π ). (5)

Since our algorithm works on any concave function of the average
exposures respecting some regularity conditions, we emphasize
that the three objective functions below are only a few examples
among many.

Two-sided fairness. The first example is from Do et al. [11] who
optimize an additive concave welfare function of user utilities and
item exposures. Interpreting item exposure as the utility of the
item’s producer, this approach is grounded into notions of distribu-
tive justice from welfare economics and captures both user- and
item-fairness [11]. For η > 0, β > 0 and α1 ∈ (−∞, 1),α2 ∈ (−∞, 1),
the objective function is:

f (π ) =
n∑
i=1

wiψα1
(
ui (π )

)
+
β

m

m∑
j=1

ψα2
(
vj (π )

)

whereψα (x) =
{
sign(α)(η + x)α if α , 0
log(η + x) if α = 0

.

(6)

Where η > 0 avoids infinite derivatives at 0, β > 0 controls the
relative weight of user-side and item-side objectives, and α1 < 1
(resp. α2 < 1) controls how much we focus on maximizing the
utility of the worse-off users (resp. items) [11].

Quality-weighted exposure. One of the main criteria for fairness
of exposure is quality-weighted exposure [3, 40] (also called merit-
based fairness [32, 34]). A measure qj of the overall quality of an
item is taken as reference, and the criterion stipulates that the item
exposure is proportional to its quality. qj is often defined as the
average value µi j over users. Using this definition of qj , as noted by
Do et al. [11], it is possible to optimize trade-offs between average
user utility and proportional exposure using a penalized objective
of the form:

f (π ) =
n∑
i=1

wiui (π ) − β

√√√
η +

1
m

m∑
j=1

(
qavgvj (π ) − qj ∥b∥1

)2

where qj =
n∑
i=1

wi µi j and qavg =
1
m

m∑
j=1

qj .

(7)

As before, β > 0 controls the trade-off between user utilities and the
fairness of exposure penalty and η > 0 avoids infinite derivatives
at 0. This form of the exposure penalty was chosen because it is
concave and differentiable, and it is equal to zero when exposure is
exactly proportional to quality, i.e., when ∀j, j ′, vjqj =

vj′
qj′

. We use

qavgvj (π )−qj ∥b∥1 rather than vj (π )
qj − ∥b ∥1

qavg because the the former
is more stable when qualities are close to 0 or estimated.

Balanced exposure to user groups. We also propose to study a
new criterion we call balanced exposure to user groups, which aims
at exposing every item evenly across different user groups. For
instance, a designer of a recommendation system might want to
ensure a job ad is exposed to the similar proportion of men and
women [18], or to even proportions within each age category. Let
S = (s1, ..., s |S |) be a set of non-empty groups of users. We do not
need S to contain all users, and groups may be overlapping. Let
vj |s be the exposure of item j within the group s , i.e., the amount
of exposure j receives in group s with respect to the total exposure
available for this group. That is, for any π ∈ Π, define

vj |s (π ) :=
∑
i ∈s

wi
ws

πi j , withws :=
∑
i ∈s

wi . vj |avg =
1
|S|

∑
s ∈S

vj |s (π )

Also, letvj |avg := (1/|S|)∑s ∈S vj |s (π ) be the average exposure for
item j, across all the groups. The objective function we consider
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takes the following form, where β > 0 and η > 0 play the same
roles as before:

f (π ) =
n∑
i=1

wiui (π ) −
β

m

m∑
j=1

√
η +

∑
s ∈S

(
vj |s (π ) −vj |avg(π )

)2
.

(8)

3 FAST ONLINE RANKING
3.1 Online ranking
The online setting we consider is summarized as follows. At each
time step t ≥ 1:

(1) A user i(t ) ∈ [[n]] asks for recommendations. We assume
i(t ) is drawn at random from the fixed but unknown dis-
tribution of user activities with parameters w , i.e., i(t ) ∼
Categorical(w).

(2) The recommender system picks a ranking σ (t ).
Note that as stated before, the main assumptions of this framework
are the fact that incoming users are sampled independently at each
step from a distribution that remains constant over time. In our
setting, we consider that the (user, item) values µi j are known to
the system. However, the user activitieswi are unknown.

Let e(t ) = E(σ (t )) be the exposure vector induced by σ (t ), and
define, for every user i:

• The user counts at time t : c(t )i =
∑
τ ≤t

1{i (τ )=i } ;

• The average exposure at time t : π (t )i =
1

c
(t )
i

∑
τ ≤t

1{i (τ )=i }e
(τ ).

Given an objective function f such as the ones defined in the
previous section, our goal is to design computationally efficient
algorithms with low regret when t grows to infinity. More formally
the goal of the algorithm is to guarantee:

R(t ) = max
π ∈Π

[
f (π )] − E[f (π (t ))] −−−−→

t→∞ 0 (9)

where the expectation in R(t ) is taken over the random draws of
i(1), ..., and the O(.) hides constants that depend on the problem,
such as the number of users or items.

3.2 The Offr algorithm
We describe in this section our generic algorithm, called Offr for
Online Frank-Wolfe for Fair Ranking. Offr works with an abstract
objective function fw : Π → R, which is parameterized by the
vector of user activities w . The fw (π ) of this section is exactly
the f (π ) of the previous section, except that we make explicit the
dependency onw because it plays an important role in the algorithm
and its analysis.

Assumptions onw and fw . In the remainder, we assumew is fixed
and non-degenerate, i.e.,∀i ∈ [[n]],wi > 0. We assume that for every
w , π 7→ fw (π ) is concave and differentiable. More importantly, the
fundamental object in our algorithm are the partial derivatives of
f with respect to πi normalized bywi . Given a user index i , let

дw,i (π ) = 1
wi

∂ fw
∂πi

(π ) ∈ Rm . (10)

We assume that дw,i is bounded and Lipschitz with respect to πi :
for every π ∈ En and every π ′

i ∈ E, we have:
• Bounded gradients: ∥дw,i (π )∥∞ ≤ Gi ;
• Lipschitz gradients:дw,i (π ) − дw,i (π1, . . . ,πi−1,π ′

i ,πi+1, . . . ,πn )

2 ≤ Li ∥πi − π ′

i ∥2.
Notice that with the normalization bywi in дw,i , these assumptions
guarantee that the importance of a user is commensurable with their
activity, i.e., that the objective does not depend disproportionately
on users we never see.

Online Frank-Wolfe with an approximate gradient. Our algorithm
is described by the following rule for choosing e(t ). First, we rely
on д̂(t )i which is an approximation of the gradient дw,i (π (t )). We
describe later the required properties of the approximation we need
is given (see Th. 2 below), and the approximation one we use in
practice (see (14) below). Notice that we rely on an approximation
because the user activities are unknown. Then, choose e(t ) as:

e(t ) ∈ argmax
e ∈E

⟨д̂(t )
i (t )

|e⟩. (11)

Since we compute a maximum dot product with a gradient (or an
approximation thereof), our algorithm is a variant of online Frank-
Wolfe algorithms. We discuss in more details the relationship with
this literature in Sec. 6.

Frank-Wolfe algorithms shine when the argmax in (11) can be
computed efficiently. As previously noted by Do et al. [11] who
only study static ranking, Frank-Wolfe algorithms are particularly
suited to ranking because (11) only requires a top-k sorting. Let
topk(x) be a routine that returns the indices of k largest elements
in vector x .1 We have:

Proposition 1. [11, Thm. 1]

σ (t ) = topk
(
д̂
(t )
i

)
=⇒ E

(
σ (t )

) ∈ argmax
e ∈E

⟨д̂(t )i |e⟩.

We call Offr (Online Frank-Wolfe for Fair Ranking) the usage
of the online Frank-Wolfe update (11) in ranking tasks, i.e., using
Prop. 1 to efficiently perform the argmax computation of (11).

We are now ready to state our main result regarding the conver-
gence of dynamic ranking. The result does not rely on the specific
structure of ranking problems. The result below is valid as long
as E ⊂ Rm is a finite set with ∀e ∈ E, 0 ≤ ej ≤ 1. We denote by
BE = maxe ∈E ∥e∥1 (BE = ∥b∥1 in our case).

Theorem 2 (Convergence of (11)). Let π0 ∈ En , and assume
there exists Di such that ∀t ≥ 1 and ∀i ∈ [[n]], we have:

E
[д̂(t )i − дw,i

(
π (t−1)

)∞
]
≤ Di√

t
, (12)

where the expectation is taken over i(1), . . . , i(t−1).
Then, with e(t ) chosen by (11) at all time steps, we have ∀t ≥ 1:

R(t ) ≤ 2BE
n∑
i=1

(Li +Gi ) ln(et)
t
+
6BE

∑n
i=1

√
wi (Gi + Di )√
t

(13)

1Formally, σ = topk(x ) =⇒
(
xσ (1) ≥ ... ≥ xσ (k ) and ∀j <{

σ (1), ..., σ (K )}, x j ≤ xσ (k )
)
, using an arbitrary tie breaking rule as it does not

play any role in the analysis.
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Appendix A is devoted to the proof of this result. The main
technical difficulty comes from the fact that we only update the
parameters of the incoming user i(t ) with possibly non-uniform
user activities, and we need a stochastic step size 1/c(t )i so that the
iterates of the optimization algorithm match the resulting average
exposures. Notice that the guarantee does not depend on the choice
of π0 because it only affects the first gradient computed for the user.
In practice we set π0 to the average exposure profile of a random
top-k ranking.

Since we do not have access to the exact gradient because user
activities are unknown, we use in practice the approximate gradient
built using the empirical user activities:

д̂
(t )
i = дŵ (t−1),i

(
π (t−1)

)
where ŵ(t ) = c(t )

t
(14)

with a fallback formula when ŵ
(t−1)
i = 0. In the next section, we

discuss the computationally efficient implementation of this rule
for the three objectives of Sec. 2.2, and we provide explicit bounds
for Di of (12) in each case.

4 APPLICATIONS OF OFFR
Practical implementations of Offr do not rely on naive computa-
tions of д̂(t )i = дŵ (t−1),i

(
π (t−1)

)
, because they would require explic-

itly keeping track of π (t ). π (t ) is a matrix of size n ×m, which is
impossible to store explicitly in large-scale applications.2 Impor-
tantly, as we illustrate in this section, for the objectives of Sec. 2.2 it
is unnecessary to maintain explicit representations of π (t ) because
the gradients depend on π (t ) only through utilities or exposures,
for which we can maintain online estimates.

4.1 Practical implementations
The implementation of Offr for the three fairness objectives (6),
(7) and (8) are described in Alg. 1, 2 and 3 respectively, where we
dropped the superscripts (t−1) and (t ) for better readability. At every
round t , there are three steps:

(1) compute approximate gradients based on online estimates
of user values and exposures,

(2) update the relevant online estimates of user utility and item
exposures,

(3) perform a top-k sort of the scores computed in step (1) to
obtain σ (t ).

We omit the details of the calculation of д̂i j in Alg. 1, 2 and 3,
which are obtained by differentiation of fŵ using (14).3

Two-sided Fairness. For two-sided fairness (6), we have:

дw,i j
(
π (t )

)
= ψ ′

α1

(
ui (π (t )

)
µi +

β

m
ψ ′
α2

(
vj (π (t ))

)
. (15)

2n ×m is also the size of the matrix of (user, item) values µ , which in practice is
not stored explicitly. Rather, the values µi j are computed on-the-fly (possibly using
caching for often-accessed values) and the storage uses compact representations, such
as latent factor models [23] or neural networks [16].
3In Alg. 3, we use a factor t

cs [i ]+1 while the direct calculation would give a factor
t

cs [i ] . The formula we use more gracefully deals with the case cs [i ] = 0 and enjoys

similar bounds when t is large.

Let:

∀i ∈ [[n]], û(t )i = ui
(
π (t )

)
=

1
c
(t )
i

∑
τ ≤t

1{i (τ )=i } ⟨µi |e(τ )⟩,

∀j ∈ [[m]], v̂(t )j =
n∑
i=1

ŵ
(t )
i π

(t )
i j =

1
t

t∑
τ=1

e
(τ )
j .

(16)

(Recall e(t ) = E(σ (t )).) This gives the formula computed in Alg. 1
for д̂(t )i = дŵ (t−1),i

(
π (t−1)

)
.

For the online updates of û and v̂ , we use as initial value û(0)i the
utility of the random ranking and v̂(0)j = 0. Since û(t )i only changes
for i(t ) = i , they are given by:

∀i, û(0)i = ⟨µi | ∥b∥1
m

⟩

û
(t )
i (t )
= û

(t−1)
i (t )

+
1
t

(
⟨µi |e(t )⟩ − û

(t−1)
i (t )

)
v̂(t ) = v̂(t−1) + 1

t

(
e(t ) − v̂(t−1)

)
.

(17)

Quality-weighted exposure. Similarly, for quality-weighted expo-
sure (7), approximate gradients дŵ (t ),i (π (t )) use online estimates of
exposures v̂(t ) as in (17), as well as online estimates of the qualities
using ∀j, q̂(0)j = 0:

q̂(t ) = 1
t

t∑
τ=1

µi (t ) = q̂
(t−1) + 1

t

(
µi (t ) − q̂(t−1)

)
,

q̂
(t )
avg =

1
m

m∑
j=1

q̂
(t )
j .

(18)

Balanced exposure. Balanced exposure to user groups (8) works
similarly, except that we need to keep track of user counts within
each group, which we denote by c(t )s , as well as exposures within
each group:

∀j ∈ [[m]], c(t )s =
∑
i ∈s

c
(t )
i ,

v̂
(t )
j |s =

1
c
(t )
s

t∑
τ=1

1{i (τ )∈s }e
(τ )
j ,

v̂
(t )
j |avg =

1
|S|

∑
s ∈S

v̂
(t )
j |s .

(19)

We use v̂(t )j |s = 0 if c(t )s = 0 since the item has not been exposed to
a group we never saw. As for v̂ and q̂, these counts are updated
online in O(m) operations because they only change for the group
of user i(t ).

The guarantees we obtain for these algorithms are the following.
The proof is given in App. B.

Proposition 3. The approximate gradients of Alg. 1, 2 and 3
satisfy:

Alg. 1: E
[д̂(t )i − дw,i

(
π (t−1)

)∞
]
≤ β ∥ψ ′′

α2 ∥∞
m

√
n

t − 1 ,

Alg. 2 E
[д̂(t )i − дw,i

(
π (t−1)

)∞
]
≤ β

(
2 + ∥b∥1

)2
mmin(η,√η)

√
n

t − 1 ,
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Input at time 𝑡 : user index 𝑖
// Step (1)
Compute score for each item 𝑗 :

𝑔𝑖 𝑗 = 𝜓 ′
𝛼1 (𝑢𝑖 )`𝑖 𝑗 +

𝛽

𝑚
𝜓 ′
𝛼2 (𝑣 𝑗 )

𝑍 =

√√
[ + 1

𝑚

𝑚∑︁
𝑖=1

(
𝑣 𝑗 −

𝑞 𝑗 ∥𝑏∥1
𝑞avg

)2
// Step (2)
Update 𝑢𝑖 and all 𝑣 𝑗 using (17)
// Step (3)
Return 𝜎 = topk(𝑔𝑖 )
Alg. 1: Offr/two-sided fairness (6).

Input at time 𝑡 : user index 𝑖
// Step 1
Compute score for each item 𝑗 :

𝑔𝑖 𝑗 = `𝑖 𝑗 − 𝛽

𝑚𝑍

(
𝑞avg𝑣 𝑗 − 𝑞 𝑗 ∥𝑏∥1

)

where 𝑍 =

√√√
[ + 1

𝑚

𝑚∑︁
𝑗=1

(
𝑞avg𝑣 𝑗 − 𝑞 𝑗 ∥𝑏∥1

)2
// Step (2)
Update all 𝑣 𝑗 , 𝑞 𝑗 , 𝑞avg using (18)
// Step (3)
Return 𝜎 = topk(𝑔𝑖 )

Alg. 2: Offr/quality-weighted (7).

Input at time 𝑡 : user index 𝑖
// Step 1 (𝑠 [𝑖] is the group of user 𝑖)
Compute score for each item 𝑗 :

𝑔𝑖 𝑗 = `𝑖 𝑗 − 𝛽

𝑚𝑍 𝑗
.

𝑡

𝑐𝑠 [𝑖 ] + 1
(
𝑣 𝑗 |𝑠 [𝑖 ] − 𝑣 𝑗 |avg

)

where 𝑍 𝑗 =

√︄
[ +

∑︁
𝑠∈S

(
𝑣 𝑗 |𝑠 − 𝑣 𝑗 |avg

)2
// Step (2)
Update ∀𝑗, 𝑣 𝑗 |𝑠 [𝑖 ] using (19)
// Step (3)
Return 𝜎 = topk(𝑔𝑖 )
Alg. 3: Offr/balanced exposure (8).

Alg. 3 E
[𝑔 (𝑡 )𝑖 −𝑔𝑤,𝑖

(
𝜋 (𝑡−1) )∞

]
≤

𝛽

(
1

𝑤𝑠 [𝑖 ]𝑡
+ 8

∑
𝑠∈S

√︃ |𝑠 |
𝑤𝑠 (𝑡−1)

)
𝑚𝑤𝑠 [𝑖 ] min([,√[) .

Overall, they all decrease in 𝑂 ( 1√
𝑡
) as desired to apply our con-

vergence result Th. 2. More interestingly, the bounds do not depend
on𝑤 , which means that the objectives are well-behaved even when
some users have low probabilities. The balanced exposure crite-
rion does depend on 1

𝑤𝑠
, which means that the bound becomes

arbitrarily bad when some groups have small cumulative activity.
This is natural, since achieving balanced exposure across groups
dynamically is necessarily a difficult task if one group is only very
rarely observed.

Putting together Thm. 2 and Prop. 3, we obtain regret bounds of
order 1/√𝑡 :

Corollary 4. Ignoring constants and assuming [ ≤ 1, the regrets
𝑅(𝑡) of Alg. 1, 2 and 3 are bounded as in Table 1.

Algorithm Order of magnitude of 𝑅 (𝑡 )

Alg. 1
(√

𝑛∥𝑏∥1 + 𝑛∥𝑏∥1𝛽
𝑚

) (
[𝛼1−1 + [𝛼2−2

)√︂1
𝑡

Alg. 2
(√

𝑛∥𝑏∥1 +
𝑛∥𝑏∥31𝛽

𝑚

)
[−1

√︂
1
𝑡

Alg. 3
(√

𝑛∥𝑏∥1 + 𝑛∥𝑏∥1𝛽
𝑚

√︄
|S|
𝑤3
min

)
[−1

√︂
1
𝑡

Table 1: Upper bounds on regret 𝑅(𝑡), ignoring constants and
assuming [ ≤ 1. In all cases, we have 𝑅(𝑡) = O(1/√𝑡). For
balanced exposure, the regret bound also depends on the
minimum total weight of a group𝑤min = min𝑠∈S 𝑤𝑠 .

The proof of Cor. 4 is given in App. C. Compared to a batch Frank-
Wolfe algorithm for the same objectives, we obtain a convergence
in𝑂 (1/√𝑡) instead of 1/𝑡 [11, Prop 4.]. Part of this difference is due
to the variance in the gradients due to unknown user activities, but
Th. 2 would be of order 1/√𝑡 even with true gradients (i.e., 𝐷𝑖 = 0).

We do not believe our bound can be improved because our online
setting we consider is only equivalent to a Frank-Wolfe algorithm if
we consider a stochastic “stepsize” of 1/𝑐 (𝑡 )

𝑖
for user 𝑖 at time step

𝑡 (which yields the average exposures 𝜋 (𝑡 ) , our object of study),
which introduces additional variance in the optimization. We leave
the proof of lower bounds to future work.

4.2 Computational complexity
To simplify the discussion on computational complexity, we assume
the number of groups in balanced exposure is 𝑂 (1) (i.e., negligible
compared to 𝑛 and𝑚), which is the case in practice for groups such
as gender or age. For each of the algorithms, the necessary com-
putations involve 𝑂 (𝑚) floating point operations to compute the
scores of all items (step (1)),𝑂 (𝑚 + 𝑘 ln𝑘) (amortized) comparisons
for the top-𝑘 sort (step (3)). The update of the online estimates
(step (2)) requires 𝑂 (𝑚) operations. More involved implementa-
tions of this step require only 𝑂 (𝑘) operations by only updating
the recommended items, but they require additional computations
in step (1), which remains in 𝑂 (𝑚). In all cases, the computation
cost is dominated by the top-𝑘 sort, which would likely required in
practice even without consideration for fairness of exposure. Thus,
Offr provides a general approach to fairness of exposure in online
ranking that does not involve significantly more computations than
having no considerations for fairness of exposure at all, despite
optimizing an objective function where the optimal ranking of each
user depends on the rankings of all other users.

Memory requirements. For two-sided fairness (Alg. 1), we need
𝑂 (𝑛 + 𝑚) bytes for 𝑢 and 𝑣 . For quality weighted exposure we
need 𝑂 (𝑚) bytes to store 𝑣 and 𝑞, while we need 𝑂 (𝑚 |S|) bytes
for balanced exposure. In all cases, storage is of the order𝑂 (𝑛 +𝑚).
Notice that in practice, it is likely that counters of item exposures
and user utility are computed to monitor the performance of the
system anyway. The additional storage of our algorithm is then
negligible.

5 EXPERIMENTS
We provide in this section experiments on simulated ranking tasks
following the protocol of Do et al. [11]. Our experiments have
two goals. First we study the convergence of Offr to the desired

Alg. 3 E
[д̂(t )i −дw,i

(
π (t−1)

)∞
]
≤
β
(

1
ws [i ]t

+ 8
∑
s ∈S

√ |s |
ws (t−1)

)
mws[i]min(η,√η) .

Overall, they all decrease in O( 1√
t
) as desired to apply our con-

vergence result Th. 2. More interestingly, the bounds do not depend
onw , which means that the objectives are well-behaved even when
some users have low probabilities. The balanced exposure crite-
rion does depend on 1

ws
, which means that the bound becomes

arbitrarily bad when some groups have small cumulative activity.
This is natural, since achieving balanced exposure across groups
dynamically is necessarily a difficult task if one group is only very
rarely observed.

Putting together Thm. 2 and Prop. 3, we obtain regret bounds of
order 1/√t :

Corollary 4. Ignoring constants and assuming η ≤ 1, the regrets
R(t) of Alg. 1, 2 and 3 are bounded as in Table 1.

Algorithm Order of magnitude of R(t )

Alg. 1
(√

n∥b∥1 +
n∥b∥1β

m

) (
ηα1−1 + ηα2−2

)√1
t

Alg. 2
(√

n∥b∥1 +
n∥b∥31β

m

)
η−1

√
1
t

Alg. 3
(√

n∥b∥1 +
n∥b∥1β

m

√
|S|
w3
min

)
η−1

√
1
t

Table 1: Upper bounds on regret R(t), ignoring constants and
assuming η ≤ 1. In all cases, we have R(t) = O(1/√t). For bal-
anced exposure, the regret bound also depends on the mini-
mum total weight of a groupwmin = mins ∈S ws .

The proof of Cor. 4 is given in App. C. Compared to a batch Frank-
Wolfe algorithm for the same objectives, we obtain a convergence
inO(1/√t) instead of 1/t [11, Prop 4.]. Part of this difference is due
to the variance in the gradients due to unknown user activities, but
Th. 2 would be of order 1/√t even with true gradients (i.e., Di = 0).

We do not believe our bound can be improved because our online
setting we consider is only equivalent to a Frank-Wolfe algorithm
if we consider a stochastic “stepsize” of 1/c(t )i for user i at time step
t (which yields the average exposures π (t ), our object of study),
which introduces additional variance in the optimization. We leave
the proof of lower bounds to future work.

4.2 Computational complexity
To simplify the discussion on computational complexity, we assume
the number of groups in balanced exposure is O(1) (i.e., negligible
compared to n andm), which is the case in practice for groups such
as gender or age. For each of the algorithms, the necessary com-
putations involve O(m) floating point operations to compute the
scores of all items (step (1)),O(m + k lnk) (amortized) comparisons
for the top-k sort (step (3)). The update of the online estimates
(step (2)) requires O(m) operations. More involved implementa-
tions of this step require only O(k) operations by only updating
the recommended items, but they require additional computations
in step (1), which remains in O(m). In all cases, the computation
cost is dominated by the top-k sort, which would likely required in
practice even without consideration for fairness of exposure. Thus,
Offr provides a general approach to fairness of exposure in online
ranking that does not involve significantly more computations than
having no considerations for fairness of exposure at all, despite
optimizing an objective function where the optimal ranking of each
user depends on the rankings of all other users.

Memory requirements. For two-sided fairness (Alg. 1), we need
O(n + m) bytes for û and v̂ . For quality weighted exposure we
needO(m) bytes to store v̂ and q̂, while we needO(m |S|) bytes for
balanced exposure. In all cases, storage is of the order O(n +m).
Notice that in practice, it is likely that counters of item exposures
and user utility are computed to monitor the performance of the
system anyway. The additional storage of our algorithm is then
negligible.

5 EXPERIMENTS
We provide in this section experiments on simulated ranking tasks
following the protocol of Do et al. [11]. Our experiments have
two goals. First we study the convergence of Offr to the desired
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trade-off values for the three objectives of Sec. 2.2, by comparing
objective function values of Offr and the batch Frank-Wolfe algo-
rithm for fair ranking of [11] at comparable computational budgets.
Second, we compare the dynamics of Offr and FairCo [32], an
online ranking algorithm designed to asymptotically achieve equal
quality-weighted exposure for all items. We also provide a compar-
ison between Offr and FairCo on balanced exposure by proposing
an ad-hoc extension to FairCo for that task. In the three next sub-
sections, we first describe our experimental protocol (Subsection
5.1). Then, we give qualitative results in terms of the trade-offs
achieved by Offr by varying the weight of the exposure objective
(Subsection 5.2). We finally we dive into the comparison between
Offr and batch Frank-Wolfe (Subsection 5.3) and between Offr
and FairCo (Subsection 5.4).

5.1 Experimental setup
Data. We use the Last.fm dataset of Celma [8], which includes

360k users and 180k items (artists), from which we select the top
15k users and 15k items having the most interactions. We refer to
this subset of the dataset as lastfm15k. The (user, item) values are
estimated using a standard matrix factorization for learning from
positive feedback only Hu et al. [17]. Details of this training can be
found in App. D.1. Since we focus on ranking given the preferences
rather than on the properties of the matrix factorization algorithm,
we consider these preferences as our ground truth and given to the
algorithm, following previous work[9, 11, 33, 40]. In App. D.3, we
present results on the MovieLens dataset [14]. The results are quali-
tatively similar. Both datasets come with a “gender” table associated
to user IDs. It is a ternary value ’male’, ’female’, ’other’ (see [8, 14]
for details on the datasets). On lastfm15k, the resulting dataset
contains 10k/ 3.6k/1.4k users of category ’male’/’female’/’other’
respectively.

Tasks. We study the three tasks described in Sec. 2.2: two-sided
fairness, quality-weighted exposure and balanced exposure to user
groups. Note that it is possible to study weighted combinations of
these objective, since the combined objective would remain concave
and smooth. We focus on the three canonical examples to keep the
exposition simple. We use the gender category described above as
user groups, and they are only used for the last objective. We study
the behavior of the algorithm as we vary β > 0, which controls
the trade-off between user utility and item fairness. For two-sided
fairness, we take α1 = α2 = 0 in (6), which are recommended
values in Do et al. [11] to generate trade-offs between user and item
fairness. In all cases, we use η = 1 in this section, and show the
results for η = 0.01 (a less smooth objective function) in App. D.2.
We assume that the true user activities are uniform (but the online
algorithm does not know about these activities). We consider top-k
rankings withk = 40. We set the exposure weights tobr = 1

log2(1+r ) ,
which correspond to the well-known DCGmeasure, as in [3, 11, 33].
In the following, we use the term iteration to refer to a time step,
and epoch to refer to n timesteps (which correspond to the order
of magnitude of time steps required to see every user). Notice that
in the online setting, users are sampled with replacement at each
iteration following our formal framework of Sec. 2, so the online
algorithms are not guaranteed to see every user at every epoch.

Comparisons. We compare to two previous works:
(1) Batch Frank-Wolfe (batch-FW ): The only tractable algorithm

we know of for all these objectives is the static algorithm of Do
et al. [11]. We compare offline vs online learning in terms of
convergence to the objective value for a given computational
budget. The algorithm of Do et al. [11] is based on Frank-Wolfe
as well, which we refer to as batch-FW and our approach (re-
ferred to as Offr) is an online version of batch-FW . Thus the
cost per user per epoch (one top-k sort) are the same. We use
this baseline to benchmark how fast Offr convergence to the
optimal value.

(2) FairCo [32]: We use the approach from [32] introduced for
quality-weighted exposure in dynamic ranking. In our notation,
dropping the time superscrits, given user i at time step t , FairCo
outputs
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trade-off values for the three objectives of Sec. 2.2, by comparing
objective function values of Offr and the batch Frank-Wolfe algo-
rithm for fair ranking of [11] at comparable computational budgets.
Second, we compare the dynamics of Offr and FairCo [32], an
online ranking algorithm designed to asymptotically achieve equal
quality-weighted exposure for all items. We also provide a compar-
ison between Offr and FairCo on balanced exposure by proposing
an ad-hoc extension to FairCo for that task. In the three next sub-
sections, we first describe our experimental protocol (Subsection
5.1). Then, we give qualitative results in terms of the trade-offs
achieved by Offr by varying the weight of the exposure objective
(Subsection 5.2). We finally we dive into the comparison between
Offr and batch Frank-Wolfe (Subsection 5.3) and between Offr
and FairCo (Subsection 5.4).

5.1 Experimental setup
Data. We use the Last.fm dataset of Celma [8], which includes

360𝑘 users and 180𝑘 items (artists), from which we select the top
15𝑘 users and 15𝑘 items having the most interactions. We refer to
this subset of the dataset as lastfm15k. The (user, item) values are
estimated using a standard matrix factorization for learning from
positive feedback only Hu et al. [17]. Details of this training can be
found in App. D.1. Since we focus on ranking given the preferences
rather than on the properties of the matrix factorization algorithm,
we consider these preferences as our ground truth and given to the
algorithm, following previous work[9, 11, 33, 40]. In App. D.3, we
present results on the MovieLens dataset [14]. The results are quali-
tatively similar. Both datasets come with a “gender” table associated
to user IDs. It is a ternary value ’male’, ’female’, ’other’ (see [8, 14]
for details on the datasets). On lastfm15k, the resulting dataset
contains 10𝑘/ 3.6𝑘/1.4𝑘 users of category ’male’/’female’/’other’
respectively.

Tasks. We study the three tasks described in Sec. 2.2: two-sided
fairness, quality-weighted exposure and balanced exposure to user
groups. Note that it is possible to study weighted combinations of
these objective, since the combined objective would remain concave
and smooth. We focus on the three canonical examples to keep the
exposition simple. We use the gender category described above as
user groups, and they are only used for the last objective. We study
the behavior of the algorithm as we vary 𝛽 > 0, which controls
the trade-off between user utility and item fairness. For two-sided
fairness, we take 𝛼1 = 𝛼2 = 0 in (6), which are recommended
values in Do et al. [11] to generate trade-offs between user and item
fairness. In all cases, we use [ = 1 in this section, and show the
results for [ = 0.01 (a less smooth objective function) in App. D.2.
We assume that the true user activities are uniform (but the online
algorithm does not know about these activities). We consider top-𝑘
rankings with 𝑘 = 40. We set the exposure weights to𝑏𝑟 = 1

log2 (1+𝑟 ) ,
which correspond to the well-known DCGmeasure, as in [3, 11, 33].
In the following, we use the term iteration to refer to a time step,
and epoch to refer to 𝑛 timesteps (which correspond to the order
of magnitude of time steps required to see every user). Notice that
in the online setting, users are sampled with replacement at each
iteration following our formal framework of Sec. 2, so the online
algorithms are not guaranteed to see every user at every epoch.

Comparisons. We compare to two previous works:
(1) Batch Frank-Wolfe (batch-FW ): The only tractable algorithm

we know of for all these objectives is the static algorithm of Do
et al. [11]. We compare offline vs online learning in terms of
convergence to the objective value for a given computational
budget. The algorithm of Do et al. [11] is based on Frank-Wolfe
as well, which we refer to as batch-FW and our approach (re-
ferred to as Offr) is an online version of batch-FW . Thus the
cost per user per epoch (one top-𝑘 sort) are the same. We use
this baseline to benchmark how fast Offr convergence to the
optimal value.

(2) FairCo [32]: We use the approach from [32] introduced for
quality-weighted exposure in dynamic ranking. In our notation,
dropping the time superscrits, given user 𝑖 at time step 𝑡 , FairCo
outputs
(FairCo [32]) 𝜎 = topk( ˜̀)

with ˜̀ 𝑗 = `𝑖 𝑗 + 𝛽 (𝑡 − 1)max
𝑗 ′

( 𝑣 𝑗 ′
𝑞 𝑗 ′

− 𝑣 𝑗

𝑞 𝑗

) (20)

where 𝛽 trades-off the importance of the user values `𝑖 𝑗 and
the discrepancy between items in terms of quality-weighted
exposure. Notice that the item realizing the maximum in (20) is
the same for all 𝑗 , so the computational complexity of FairCo is
similar to that of Offr.
A fundamental difference between FairCo is that the weight
given to the fairness objective increases with 𝑡 . The authors
proved in the paper that the average 1

𝑚 (𝑚−1)
∑
𝑗, 𝑗 ′

��� 𝑣𝑗′𝑞 𝑗′ − 𝑣𝑗
𝑞 𝑗

���
converges to 0 at a rate𝑂 (1/𝑡). However, they do not discuss the
convergence of the user utilities depending on 𝛽 . Fundamentally,
FairCo and Offr address different problems, since Offr aims
for trade-offs where the relative weight of the user objective
and the item objective is fixed from the start. Even though
they should converge to different outcomes, we compare the
intermediate dynamics at the early stage of optimization.

In addition, we compare to an extension of FairCo to balanced expo-
sure. Even though FairCo was not designed for balanced exposure,
we propose to follow a similar recipe as (20) as baseline for balanced
exposure:

𝜎 = topk( ˜̀) with ˜̀ 𝑗 = `𝑖 𝑗 + 𝛽 (𝑡 − 1)max
𝑠∈S

(
𝑣 𝑗 |𝑠 − 𝑣 𝑗 |𝑠 [𝑖 ]

)
(21)

All our experiments are repeated and averaged on three seeds
for sampling the users at each step. The online algorithms are run
for 5000 epochs, and the batch algorithms for 50, 000 epochs.

5.2 Qualitative results: effect of varying 𝛽

We first present qualitative results regarding the trade-offs that
are obtained by varying the weight of the fairness penalty 𝛽 from
0.001 to 100 by powers of 10, for all three tasks in Fig. 1. The 𝑦-axis
is the user objective for two-sided fairness and the average user
utility for quality-weighted and balanced exposure. The 𝑥-axis is
the item objective (higher is better) for two-sided fairness, and the
item penalty term with [ = 0 of (7) and (8) for quality-weighted
and balanced exposure respectively.

At a high level, we observe as expected a Pareto front spanning
a large range of (user, item) objective values. We also observe on all

where β trades-off the importance of the user values µi j and
the discrepancy between items in terms of quality-weighted
exposure. Notice that the item realizing the maximum in (20) is
the same for all j , so the computational complexity of FairCo is
similar to that of Offr.
A fundamental difference between FairCo is that the weight
given to the fairness objective increases with t . The authors
proved in the paper that the average 1

m(m−1)
∑
j, j′

��� v̂j′q̂j′
− v̂j

q̂j

���
converges to 0 at a rateO(1/t). However, they do not discuss the
convergence of the user utilities depending on β . Fundamentally,
FairCo and Offr address different problems, since Offr aims
for trade-offs where the relative weight of the user objective
and the item objective is fixed from the start. Even though
they should converge to different outcomes, we compare the
intermediate dynamics at the early stage of optimization.

In addition, we compare to an extension of FairCo to balanced expo-
sure. Even though FairCo was not designed for balanced exposure,
we propose to follow a similar recipe as (20) as baseline for balanced
exposure:
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trade-off values for the three objectives of Sec. 2.2, by comparing
objective function values of Offr and the batch Frank-Wolfe algo-
rithm for fair ranking of [11] at comparable computational budgets.
Second, we compare the dynamics of Offr and FairCo [32], an
online ranking algorithm designed to asymptotically achieve equal
quality-weighted exposure for all items. We also provide a compar-
ison between Offr and FairCo on balanced exposure by proposing
an ad-hoc extension to FairCo for that task. In the three next sub-
sections, we first describe our experimental protocol (Subsection
5.1). Then, we give qualitative results in terms of the trade-offs
achieved by Offr by varying the weight of the exposure objective
(Subsection 5.2). We finally we dive into the comparison between
Offr and batch Frank-Wolfe (Subsection 5.3) and between Offr
and FairCo (Subsection 5.4).

5.1 Experimental setup
Data. We use the Last.fm dataset of Celma [8], which includes

360𝑘 users and 180𝑘 items (artists), from which we select the top
15𝑘 users and 15𝑘 items having the most interactions. We refer to
this subset of the dataset as lastfm15k. The (user, item) values are
estimated using a standard matrix factorization for learning from
positive feedback only Hu et al. [17]. Details of this training can be
found in App. D.1. Since we focus on ranking given the preferences
rather than on the properties of the matrix factorization algorithm,
we consider these preferences as our ground truth and given to the
algorithm, following previous work[9, 11, 33, 40]. In App. D.3, we
present results on the MovieLens dataset [14]. The results are quali-
tatively similar. Both datasets come with a “gender” table associated
to user IDs. It is a ternary value ’male’, ’female’, ’other’ (see [8, 14]
for details on the datasets). On lastfm15k, the resulting dataset
contains 10𝑘/ 3.6𝑘/1.4𝑘 users of category ’male’/’female’/’other’
respectively.

Tasks. We study the three tasks described in Sec. 2.2: two-sided
fairness, quality-weighted exposure and balanced exposure to user
groups. Note that it is possible to study weighted combinations of
these objective, since the combined objective would remain concave
and smooth. We focus on the three canonical examples to keep the
exposition simple. We use the gender category described above as
user groups, and they are only used for the last objective. We study
the behavior of the algorithm as we vary 𝛽 > 0, which controls
the trade-off between user utility and item fairness. For two-sided
fairness, we take 𝛼1 = 𝛼2 = 0 in (6), which are recommended
values in Do et al. [11] to generate trade-offs between user and item
fairness. In all cases, we use [ = 1 in this section, and show the
results for [ = 0.01 (a less smooth objective function) in App. D.2.
We assume that the true user activities are uniform (but the online
algorithm does not know about these activities). We consider top-𝑘
rankings with 𝑘 = 40. We set the exposure weights to𝑏𝑟 = 1

log2 (1+𝑟 ) ,
which correspond to the well-known DCGmeasure, as in [3, 11, 33].
In the following, we use the term iteration to refer to a time step,
and epoch to refer to 𝑛 timesteps (which correspond to the order
of magnitude of time steps required to see every user). Notice that
in the online setting, users are sampled with replacement at each
iteration following our formal framework of Sec. 2, so the online
algorithms are not guaranteed to see every user at every epoch.

Comparisons. We compare to two previous works:
(1) Batch Frank-Wolfe (batch-FW ): The only tractable algorithm

we know of for all these objectives is the static algorithm of Do
et al. [11]. We compare offline vs online learning in terms of
convergence to the objective value for a given computational
budget. The algorithm of Do et al. [11] is based on Frank-Wolfe
as well, which we refer to as batch-FW and our approach (re-
ferred to as Offr) is an online version of batch-FW . Thus the
cost per user per epoch (one top-𝑘 sort) are the same. We use
this baseline to benchmark how fast Offr convergence to the
optimal value.

(2) FairCo [32]: We use the approach from [32] introduced for
quality-weighted exposure in dynamic ranking. In our notation,
dropping the time superscrits, given user 𝑖 at time step 𝑡 , FairCo
outputs
(FairCo [32]) 𝜎 = topk( ˜̀)

with ˜̀ 𝑗 = `𝑖 𝑗 + 𝛽 (𝑡 − 1)max
𝑗 ′

( 𝑣 𝑗 ′
𝑞 𝑗 ′

− 𝑣 𝑗

𝑞 𝑗

) (20)

where 𝛽 trades-off the importance of the user values `𝑖 𝑗 and
the discrepancy between items in terms of quality-weighted
exposure. Notice that the item realizing the maximum in (20) is
the same for all 𝑗 , so the computational complexity of FairCo is
similar to that of Offr.
A fundamental difference between FairCo is that the weight
given to the fairness objective increases with 𝑡 . The authors
proved in the paper that the average 1

𝑚 (𝑚−1)
∑
𝑗, 𝑗 ′

��� 𝑣𝑗′𝑞 𝑗′ − 𝑣𝑗
𝑞 𝑗

���
converges to 0 at a rate𝑂 (1/𝑡). However, they do not discuss the
convergence of the user utilities depending on 𝛽 . Fundamentally,
FairCo and Offr address different problems, since Offr aims
for trade-offs where the relative weight of the user objective
and the item objective is fixed from the start. Even though
they should converge to different outcomes, we compare the
intermediate dynamics at the early stage of optimization.

In addition, we compare to an extension of FairCo to balanced expo-
sure. Even though FairCo was not designed for balanced exposure,
we propose to follow a similar recipe as (20) as baseline for balanced
exposure:

𝜎 = topk( ˜̀) with ˜̀ 𝑗 = `𝑖 𝑗 + 𝛽 (𝑡 − 1)max
𝑠∈S

(
𝑣 𝑗 |𝑠 − 𝑣 𝑗 |𝑠 [𝑖 ]

)
(21)

All our experiments are repeated and averaged on three seeds
for sampling the users at each step. The online algorithms are run
for 5000 epochs, and the batch algorithms for 50, 000 epochs.

5.2 Qualitative results: effect of varying 𝛽

We first present qualitative results regarding the trade-offs that
are obtained by varying the weight of the fairness penalty 𝛽 from
0.001 to 100 by powers of 10, for all three tasks in Fig. 1. The 𝑦-axis
is the user objective for two-sided fairness and the average user
utility for quality-weighted and balanced exposure. The 𝑥-axis is
the item objective (higher is better) for two-sided fairness, and the
item penalty term with [ = 0 of (7) and (8) for quality-weighted
and balanced exposure respectively.

At a high level, we observe as expected a Pareto front spanning
a large range of (user, item) objective values. We also observe on all

All our experiments are repeated and averaged on three seeds
for sampling the users at each step. The online algorithms are run
for 5000 epochs, and the batch algorithms for 50, 000 epochs.

5.2 Qualitative results: effect of varying β
We first present qualitative results regarding the trade-offs that
are obtained by varying the weight of the fairness penalty β from
0.001 to 100 by powers of 10, for all three tasks in Fig. 1. The y-axis
is the user objective for two-sided fairness and the average user
utility for quality-weighted and balanced exposure. The x-axis is
the item objective (higher is better) for two-sided fairness, and the
item penalty term with η = 0 of (7) and (8) for quality-weighted
and balanced exposure respectively.

At a high level, we observe as expected a Pareto front spanning
a large range of (user, item) objective values. We also observe on all
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Figure 1: Trade-offs between user objective (y-axis) and item fairness (x-axis), at the beginning of the online process (10 epochs)
and closer to the end (1000 epochs). For two-sided fairness, both user and item objectives should be maximized, while for
quality-weighted balanced exposure the item objectives (x-axis) should be minimized. As expected, varying the weight of the
item objective β leads to different trade-offs between user utility and item exposure. Comparing epochs 10 and 1000 on quality-
weighted and balanced exposure, we observe that with large β , Offr tends to prioritize the item objective and has low user
utility at the beginning of training.

three tasks but specifically quality-weighted and balanced exposure
that at the beginning of training (epoch 10), the item objective
values are close to the final values, but the user objective values
increase a lot on the course of training. We will get back to this
observation in our comparison with FairCo. As anecdotal remarks,
we first observe that on two-sided ranking, convergence is very fast
and the trade-offs obtained at epoch 10 and 1000 are relatively close.
Second, we observe that for balanced exposure on this dataset, it is
possible to achieve near perfect fairness (item objective ≤ 10−3) at
very little cost of user utility at the end of training.

5.3 Online convergence
To compare the convergence of Offr compared to batch-FW , Fig. 2
plots the regret, i.e., the difference between the maximum value
and the obtained objective value on the course of the optimization
for both algorithms,4 in log-scale as a function of the number of
epochs for the three tasks for β ∈ {0.01, 1.0}. We first observe that
convergence is slower for larger values of β , which is coherent
with the theoretical analysis. We also observe that for the first
1000 epochs (recall that an epoch has the same compatational cost
for both algorithms), Offr fares better than the batch algorithm.
Looking at more epochs or different values of η (shown in Fig. 4
and 6 in App. D.2), we observe that batch-FW eventually catches
up. This is coherent with the theoretical analysis, as the batch-FW
converges in 1/t [11], but Offr inO(1/√t). In accordance with the
well-known performance of stochastic gradient descent in machine
learning [4], the online algorithm seems to perform much better
at the beginning, which suggests that it is practical to run the
algorithm online.

4The maximum value for the regret is taken as the maximum between the result of
batch-FW after 50k epochs and Offr after 5k epochs. For both Offr and batch-FW ,
we compute the ideal objective function, i.e., knowing the user activities w . Notice
that Offr does not knoww but batch-FW does.

5.4 Comparison to FairCo
We give in Fig. 3 illustrations of the dynamics of Offr compared to
FairCo [32] described in (20) and (21). Since FairCo aims at driving
a disparity to 0, it cannot be applied to two-sided fairness, so we
focus on quality-weighted and balanced exposure. Contrarily to
the previous section, we cannot compare objective functions at
convergence or convergence rates because FairCo does not optimize
an objective function. Our plots show the item objective (x-axis,
lower is better, log-scale) and the average user utility on the y-
axis. Then, for Offr and FairCo for two values of β , we show the
(item objective, user utility) values obtained on the course of the
algorithm. For FairCo, we chose β = 0.001 which gives overall the
highest user utility values we observed, and β = 1, a representative
large value. ForOffrwe chose two different values of β that achieve
different trade-offs. This choice has no impact on the discussion.
The left plots show vanilla Offr, the right plots show Offr with a
“pacing” heuristic described later.

Convergence properties. Looking at the left plot, we see Offr
converging to its trade-off dictated by the value of β . On the other
hand, FairCo does not converge. As expected, as time goes by, FairCo
reduces the item objective to low values. Interestingly though, it
seems that the average user utility seems to converge for FairCo to
a value that depends on β . It is likely an effect of the experimental
setup: with β = 0.001, FairCo is far from the regime where it
achieves low values of the item objective within our 5000 epochs
(as seen by the discrepancy in item objective between β = 1 and β =
0.001). Overall, since FairCo does not have a clear objective function
nor theoretical guarantees regarding the user utility, FairCo does
not allow to choose the trade-off between user and item objectives
that is desired. On the bright side, FairCo does happen to reduce
the item objective to very low values for β = 1 as the number of
iteration decreases.

Trade-offs. Interestingly, FairCo and Offr have different dynam-
ics. The plots show that on the course of the iterations,Offr rapidly
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Figure 2: Convergence speed of Offr compared to batch-FW on the three fairness objectives, for β ∈ {0.01, 1} and η = 1. The
y-axis is the regret in log-scale. We observe that Offr is faster than batch-FW at the beginning, especially for large β .

Figure 3: Convergence of Offr compared to the dynamics of FairCo. Each point is the average user utility (y-axis) vs item
objective (x-axis, log-scale) for an algorithm and value of β (color/marker), at a given epoch (the size of the markers increase
with the epoch number). The trajectory describes the online dynamics of each algorithm in terms of the trade-offs they achieve.
(left) Offr converges to the trade-off dictated by its value of β while keeping its item objective near the target value from the
beginning, increasing the user utility with time. (right) the pacing heuristic added to Offr provides a way to approach the
final trade-off while keeping user utility high during the entire course of optimization.

reaches its item objective, but takes time to reach its user objec-
tive (as seen by the “vertical” pattern of Offr in the left plot of
Fig. 3, which means that the item objective does not change a
lot). In contrast, FairCo for small β starts from high user utility
and decreases the item objective from there. Evidently, Offr and
FairCo strike different trade-offs, and neither of them is universally
better: it depends on whether we prioritize user utility or item fair-
ness at the early stages of the algorithm. Nonetheless, to emulate
FairCo’s trade-offs, we propose a “pacing” heuristic which uses a
time-dependent β in our objective, using βt = min(β ,γ . tn ) where
γ > 0 is the pacing factor. the right plots of Fig. 3 show the results
with γ = 0.01. We observe now a more “horizontal” pattern in the
dynamics of Offr, similarly to FairCo, meaning that Offr sucess-
fully pioitizes user utility over item fairness in the early stages
of the algorithm. Whether or not such a pacing should be used
depends on the requirements of the application.

6 RELATEDWORK
The question of the social impact of recommender systems started
with independent audits of bias against groups defined by sensitive
attributes [13, 21, 26, 29, 37]. Algorithms for fairness of exposure
have been studied since then [3, 6, 7, 11, 32, 34, 42]. The goal is
often to prevent winner-take-all effects or popularity bias [1, 34] or
promote smaller producers to incentivize production [27, 30, 31].

The question of online ranking is often studied in conjunction
with learning to rank, i.e., learning the (user, item) values µ. The
previous work by Morik et al. [32], which we compare to in the
experiments (the FairCo baseline), had this dimension, which we
do not. On the other hand, as we discussed, their algorithm has
limited scope because it only aims at asymptotically removing
any disparity. The algorithm cannot be used on other forms of
loss function such as two-sided fairness, and cannot be used to
converge to intermediate trade-offs. Their theoretical guarantee
is also relatively weak, since they only prove that the exposure
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objective converges to 0, without any guarantee on the user utility.
In contrast, we show that the regret of our algorithm converges to
0 for a wide range of objectives.

Yang and Ai [41] also proposes an online algorithm combining
learning to rank and fairness of exposure, but they compare the
exposure of groups of items within single rankings, as opposed
to considering exposure of items across users. Their fairness crite-
rion does not involve the challenge we address, since the optimal
rankings in their case can still be computed individually for every
user.

Recently, fairness of exposure has been studied in the bandit
setting [19, 28]. These works provide experimental evaluations of
bandit algorithms with fairness constraints, but they do not provide
theoretical guarantees. Wang et al. [39] also consider fairness of
exposure in bandits, but without ranking.

Compared to this literature on dynamic ranking, we decided to
disentangle the problem of learning the user preferences from the
problem of generating the rankings online while optimizing a global
exposure objective. We obtain a solution to the ranking problem
that is more general than what was proposed before, with stronger
theoretical guarantees. Our approach unlocks the problem of on-
line ranking with a global objective function, and we believe that
our approach is a strong basis for future exploration/exploitation
algorithms.

We studied online ranking in a stationary environment. Several
works consider multi-step recommendations scenarios with dy-
namic models of content production [31, 43]. They study the effect
of including an exposure objective on the long-term user utilities,
but they do not focus on how to efficiently generate rankings.

Relationship to Frank-Wolfe algorithms. The problem of inferring
ranking lies in between convex bandit optimization [see 2, and
references therein] and stochastic optimization. Our problem is eas-
ier than bandit optimization since the function is known – at least
partially, and in all cases there is no need for active exploration. The
main ingredient we add to the convex bandit optimization literature
is the multi-user structure, where parameters are decomposed into
several blocks that can only be updated one at a time, while opti-
mizing for a non-decomposable objective function. The similarity
with the bandit optimization algorithm of Berthet and Perchet [2] is
the usage of the Frank-Wolfe algorithm to generate a deterministic
decision at each step while implicitly optimizing in the space of
probability distributions.

Our algorithm is a Frank-Wolfe algorithmwith a stochastic gradi-
ent [15, 25] and block-separable constraints [22, 24]. The difference
with this line of work is twofold. First, the distributionw is not nec-
essarily uniform. Second, in our case, different users have different
“stepsizes” for their parameters (the stepsize is 1

c (t )i

for the user i

sampled at time t ), rather than a single predefined stepsize. These
two aspects complicate the analysis compared to that of the stochas-
tic Frank-Wolfe with block-separable constraints of Lacoste-Julien
et al. [24].

7 CONCLUSION AND DISCUSSION
We presented a general approach to online ranking by optimiz-
ing trade-offs between user performance and fairness of exposure.

The approach only assumes the objective function is concave and
smooth. We provided three example tasks involving fairness of ex-
posure, and the scope of the algorithm is more general. For instance,
it also applies to the formulation of Do et al. [11] for reciprocal
recommendation tasks such as dating applications.

Despite the generality of the framework, there are a few tech-
nical limitations that could be addressed in future work. First, the
assumption of the position-based model (1) is important in the
current algorithmic approach, because it yields the linear struc-
ture with respect to exposure that is required in our Frank-Wolfe
approach. Dealing with more general cascade models [10, 28] is
an interesting open problem. Second, we focused on the problem
of generating rankings, assuming that (user, item) values µi j are
given by an oracle and are stationary over time. Relatedly to this
stationarity assumption, we ignored the feedback loops involved
in recommendation. These include feedback loops due to learning
from prior recommendations [5], the impact of the recommender
system on users’ preferences themselves [20], as well as the impact
that fairness interventions on content production [31]. Third, our
approach to balanced exposure is based on the knowledge of a
discrete sensitive attribute of users. Consequently, this criterion
cannot be applied when there are constraints on the direct usage
of the sensitive attribute within the recommender system, when
the sensitive attribute is not available, or when the delineation of
groups into discrete categories is not practical or ethical [38].

Finally, while we believe fairness of exposure is an important
aspect of fairness in recommender systems, it is by no means the
only one. For instance, the alignment of the system’s objective with
human values [36] critically depends on the definition of the quality
of a recommendation, the values µi j in our framework. The fairness
of the underlying system relies on careful definitions of these µi j s
and on unbiased estimations of them from user interactions – in
particular, taking into account the non-stationarities and feedback
loops mentioned previously.
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