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ABSTRACT

KEYWORDS

When it comes to long-term fairness in decision-making settings,
many studies have focused on closed systems with a specific appointed decision-maker and certain engagement rules in place.
However, if the objective is to achieve equity in a broader societal
system, studying the system in isolation is insufficient. In a societal system, neither a singular decision maker nor defined agent
behavior rules exist. Additionally, analysis of societal systems can
be complicated by the presence of feedback, in which historical
and current inequities influence future inequity. In this paper, we
present a model to quantify feedback in social systems so that the
long-term effects of a policy or decision process may be investigated, even when the feedback mechanisms are not individually
characterized.
We explore the dynamics of real social systems and find that
many examples of feedback are qualitatively similar in their temporal characteristics. Using a key idea in linear systems theory,
namely proportional-integral-derivative (PID) feedback, we propose
a model to quantify three types of feedback. We illustrate how
different components of the PID capture analogous aspects of societal dynamics such as the persistence of current inequity, the
cumulative effects of long-term inequity, and the response to the
speed at which society is changing. Our model does not attempt
to describe underlying systems or capture individual actions. It is
a system-based approach to study inequity in feedback loops, and
as a result unlocks a direction to study social systems that would
otherwise be almost impossible to model and can only be observed.
Our framework helps elucidate the ability of fair policies to produce
and sustain equity in the long-term.

feedback, inequity, societal systems
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1

INTRODUCTION

Why have inequities persisted for so long, despite years of activism,
education, policy changes, and society’s stated values of equity
and non-discrimination? For example, segregation and inequities in
housing and employment have persisted in the U.S. despite decades
under the Fair Housing Act and Equal Employment Opportunity
laws [7]. The answer, in our view, is rooted in the phenomenon
of feedback. In every system in which inequity persists over time,
there are feedback mechanisms which enable it to survive – as 1984
posits, “The object of power is power” [50]. Conversely, activism,
public pressure, and equitable policies are used to push toward
equity – Frederick Douglass said “If there is no struggle, there is
no progress” [10] – and these can be seen as reactions to historical
and present inequality, and thus are also a type of feedback.
This paper argues that feedback modeling tools from systems
theory are helpful in quantitatively modeling mechanisms of feedback that help perpetuate and combat inequity. Good models help
us gain more understanding of the processes maintaining the status
quo and can inform policies which “produce and sustain equity”
[30] when deployed in the real world. However, the economy and
dynamics of power are complex, and we do not intend to model the
feedback mechanisms individually and in their full complexity (as is
attempted in system dynamics [24]). Instead, we focus on inequity
at a systems level, essentially from the outside of a black box, both
maintained and diminished over time by feedback mechanisms
which quantify how much it will change or stay stationary. What is
the benefit of such a model? For one, we can use system identification tools to find quantitative estimates for each type of feedback,
and compare the amount of feedback by type in different systems.
Further, we can use the model to estimate future inequity. Finally,
new policies and algorithms which influence future inequity can be
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modeled as having feedback mechanisms which operate in parallel
with those in society and their impact on equity estimated.
One of the most extensively studied feedback systems in systems theory is the PID framework [31], consisting of proportional,
integral and derivative forms of feedback. In this paper, we use the
PID framework purely as a descriptive tool, and not as a controller
as is common in systems theory. We argue in this paper with extensive examples and a formal analysis that this simple framework for
feedback captures a wide variety of societal feedback mechanisms.
The framework itself is simple – requiring only a few parameters –
and this simplicity is both a value in our ability to interpret what
model parameters are telling us about the system, and situates in
a favorable place in the tradeoff between model complexity and
the need for large amounts of training data. Since society changes
over time, it is useful to have a model whose parameters can be
accurately estimated with as little history as possible.
Feedback is not merely a systemic response to how a system
evolves over time. In societal settings, policies and interventions
form another form of feedback. When new algorithms operate in
parallel with societal mechanisms, as depicted in Figure 1, we can
model their combined impact and forecast how they impact our
trajectory towards equity.

Reader, et al.

We can identify policies that provide feedback proportional to each
term. For example, the salary history question on job applications
contributes to keep future salaries (and inequity) close to current
salaries and inequity [1], and thus is a proportional feedback mechanism. Gendered career roles are built over time – you are less likely
to pursue a career if you don’t see many people like you in that
career – which is related to the inequity over a lifetime of people
who entered that field. We thus see this as an integral mechanism.
However, as women enter at higher rates into a profession previously dominated by men, the wages in that profession decrease [32].
Further, reactionary political movements use people’s resentments
about lost privilege to gain power and reverse policies that helped
to reduce the gap [41]. We can see these as derivative mechanisms
because the more progress towards equity that is made, the more
each effect increases pay inequity.

1.1

We can summarize the contributions of this paper as follows.
• We present a method for modeling feedback in societal systems based on the PID framework from (linear) systems
theory.
• We demonstrate with an extensive list of examples the ways
in which the PID framework effectively captures real-world
examples of moves toward (and away from) equity.
• We demonstrate the working of this model using three case
studies involving historical and persistent inequity.
• We demonstrate how the model can be used to evaluate the
effects of policy shifts and interventions.

2

Figure 1: Current societal systems have feedback mechanisms which make group inequities persist over time. New
policies & algorithms can have feedback mechanisms that
act in parallel, altering the inequity over time.
An Example: Gender Pay Gaps. The pay gap between men and
women is the result of a complex system, impacted by cultural gender roles, biases in the workplace, occupational segregation, and
more [2]. While the gender pay gap in the U.S. has reduced over
the past 50 years, progress has slowed in recent decades [13]. We
note three aspects of the pay gap. First, the current state of inequity
is reported on and publicised every year as the pay that an average
full-time working woman earns per dollar compared to the average full-time working man1 . Next, there is a long-term historical
inequity, proportional to the sum of this ratio over time, which is
the gap in earnings over the lifetime of an average woman retiring
today. Finally, there is the short-term change, the change-over-year
in the inequity ratio, that represents how fast or slow we are moving towards equity as a society based on this statistic. We refer
to these three aspects of the pay gap as the proportional (current
state), integral (historical or long-term), and derivative (change).
1 https://www.aauw.org/resources/article/equal-pay-day-calendar/

Our Contributions.

TYPOLOGY OF FEEDBACK IN SYSTEMS OF
INEQUITY

We list 19 specific examples of feedback mechanisms in Table 1
which either maintain society’s inequity or help to reduce inequity
over time. We consider well-publicized inequities in education,
employment, criminal justice, political representation, housing, and
income. Although many more mechanisms exist, we attempt to give
examples that describe a variety of feedback types. In particular, we
posit in the rightmost column how next year’s inequity is related
to current and past inequity:
• Proportional: future inequity is a function of current inequity
(rows 1-6),
• Integral: future inequity is a function of a sum of historical
inequity (rows 5-15), or
• Derivative: future inequity is a function of the current change
in (slope of) inequity (rows 4 and 15-19).
We note that future inequity due to one mechanism can be a function of multiple feedback types. We also note that feedback mechanisms are from different sources, including government policies
(rows 5, 7, 11, 18), organization policies (rows 8, 9, 10, 17), laws
(rows 2, 14, 19), algorithmic decision system (rows 5, 10, 11, 13), economic rule (rows 7, 12), activism (rows 3, 6), or human psychology
(rows 4, 9, 15, 16).
While our analysis of patterns of feedback is systemic and “in
the aggregate”, we note that the impetus to resist change, or even to
adopt particular modes of change that may be ineffective, are often
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Table 1: Policies, algorithms, laws, and activism provide feedback in multiple societal systems which exhibit inequities, both
to maintain and push back against oppression over time.
#

System

1

Education Edu. software is fed unequal student data from oppressive educational contexts;
tracking and ‘at-risk’ labelling keeps students stuck in their current track [37].

Description

Anti

Equity? Mechanism
Proportional

2

Employment

The US EEOC 4/5 rule allows legal remedy if, in part, the policy exhibits >20%
disparity in hiring within a protected group.

Pro

Proportional

3

Surveillance

Publicity about large inequities in facial recognition by race and gender led to
reduced disparities from targeted products [52]

Pro

Proportional

4

Income,
Wealth

Support for progressive tax policy change can decrease when observing inequity, Anti
(e.g., from observing an unhoused person [55]) due to belief in a just world.

Proportional,
Derivative

5

Criminal
Justice

Since denying parole increases the rate of re-offending after release [65], the
current & past racial inequity in parole leads to future inequity in re-offense.

Anti

Proportional,
Integral

6

Criminal
Justice

The #BlackLivesMatter movement was spurred both by specific incidents of
violence and long-term systemic violence against Black people [58, 61].

Pro

Proportional,
Integral

7

Housing, The effects of discriminatory housing policies accumulate over time via lower
Wealth
property value growth in Black and Latinx neighborhoods, which also leads to
mortgages with worse terms.

Anti

Integral

8

Higher
Ed

Inequity of people admitted to college today will have an effect decades into
the future via legacy admits [9].

Anti

Integral

9

Employment

Discrimination in a profession over decades means that there are few examples
of a minoritized group in that profession, which then makes members of that
group feel less welcome in that profession.

Anti

Integral

10

Employment

Automated hiring models use data from the history of past hires, thus may
learn to repeat past discrimination [4].

Anti

Integral

11

Criminal
Justice

Future police allocation to an area, and thus future discovered “incidents”, is
proportional to the cumulative history of incident reports [14].

Anti

Integral

12

Income,
Wealth

Excess income (above consumption) adds to wealth in a cumulative sum over
time, & earns money on itself (the gross rate of return on wealth) [36].

Anti

Integral

13

Health
Care

Algorithms that allocate medical resources to reduce costs assign fewer re- Anti
sources to racial groups who historically received unequal treatment [48].

Integral

14

Income

The Lilly Ledbetter Fair Pay Act of 2009 allows lawsuits for wage discrimination
at one’s employer over one’s entire career.

Pro

Integral

15

Income,
Wealth

Exposure to historical data about rising wealth inequality in the U.S. tends to
increase support for redistributive policies [40].

Pro

Integral, Derivative

16

Income

As women become a higher percentage of a profession, employers reduce pay
to that profession and value it less [32].

Anti

Derivative

17

Higher
Ed

The DIF (in SAT future test planning) ensures slow change in race & gender
gaps, rather than increasing the use of questions which defy those gaps [56].

Anti

Derivative

18

Voting
Rights

Politicians can keep their power despite a changing population by redrawing
their district boundaries to include people more likely to vote for them.

Anti

Derivative

19

Voting
Rights

Roberts: Voting inequity exists today but is less than it was in the past, thus
protection by the Voting Rights Act is not justified [53].

Anti

Derivative
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rooted in well-studied group dynamics that typically contribute to
the derivative element of feedback. These include a) backlash: “The
resistance of those in power to attempts to change the status quo
is a ‘backlash’, a reaction by a group declining in a felt sense of
power” [39]; b) reactance: the pushback when people are confronted
with threats to their freedom [5], including not being allowed to
discriminate; and, in the case of racial inequity, c) color-blindedness:
“Liberalism’s very aspirations to color-blindness & equality – while
admirable – can impede its goals, as they prohibit race-conscious
attempts to right historical wrongs”, i.e., change is slowed by them
[49].
The purpose of Table 1 is to provide many examples of systems of
inequity which are maintained and challenged in ways that can be
modeled with proportional, integral, and derivative feedback. These
mechanisms include existing and potential policies and algorithms,
but any change in equity induced by their use would be subject to
the other feedback mechanisms of that system. This paper provides
a simple quantitative model for systemic feedback mechanisms that
could be useful in analyzing changes.
Finally, we note what is left out of Table 1. There are multiple
unpredictable ways in which inequity changes over time, e.g., due
to a pandemic. In systems theory, this is called the disturbance or
process noise, adding to the feedback as depicted in Figure 1, which
is distinct from the errors in measuring inequity (which is referred
to as measurement noise).

3

DYNAMICAL PID STATE MODEL

We propose a model to quantify proportional, integral, and derivative (PID) feedback mechanisms in systems with inequity. Each
PID term is represented as a state variable in the model and is
incorporated as feedback on the future state of inequity.
Proportional. Equity is achieved when a societal system produces
equal statistics across groups, for example: “racial equity is a state
in which race no longer predicts outcomes” [15].
We measure inequity at time n as:
x(n) =

outcome measure for people in group A
− 1,
outcome measure for people in group B

(1)

where the “outcome measure” is a societal measure that should
be equal across groups if equity is achieved. At equity, the value
of x(n) is 0. We choose the group in the numerator so that x(n) is
historically above 0, so that readers can consistently interpret x(n)
as ‘inequity’, and work to reduce x(n) to 0 as pro-equity. For example, in 1964, from U.S. Census statistics, 70.7% of white Americans
(which we set as group A) voted, and 58.5% of Black Americans
(group B) voted [63], for a ratio of 1.209 and thus x(n) = 0.209. Our
choice to subtract 1 in (1) is to ensure that minimizing |x(n)| is a
desirable goal.
Integral. The cumulative history of inequity is captured by the
integral term, σ (n). We choose to weigh the most recent history
more heavily than the distant history by using an autoregressive
filter. Then, the cumulative inequity at time n is given by:
σ (n) = x(n − 1) + α · σ (n − 1)

(2)

with 0 < α < 1
The filter has an infinite impulse response, meaning weights in
the cumulative sum will never be completely reduced to zero, but

are instead proportional to a factor of α n at time n. We discuss α
further in Section 3.1.
Derivative. The derivative term at time n is the difference in
inequity at time n and inequity at time n − 1:
x(n)
Û
= x(n) − x(n − 1)

(3)

Figure 2: A feedback model on a system with inequity x(n), in
which the feedback is linear in x(n) itself (the proportional
term), in its weighted sum σ (n), and in the derivative x(n).
Û
State Model We define the state of our model to be the current proportional, integral, and derivative terms at time n, s(n) =
T . The PID terms are incorporated as feedback in
[x(n), σ (n), x(n)]
Û
our model, as shown in Figure 2.
We describe any other changes to the inequity that is not feedback from the system’s outputs as part of the disturbance w(n) =
[w 0 (n), w 1 (n), w 2 (n)]T . We model the dynamics as linear, that is, a
weighted sum of the three PID components of the inequity, as well
as the disturbance. While it is possible to include non-linearities
in the dynamical equations by including an arbitrary function f
in the loop as shown in Figure 2, in this paper, we let f (x) = x for
simplicity.
Then we model the societal feedback as a linear function of these
terms:
kT s(n) = k P x(n) + k I σ (n) + k D x(n),
Û
(4)
where k = [k P , k I , k D ]T , which are the constants which describe
how the state evolves. This linear sum, kT s(n) then adds to the
current state, specifically, the slope x(n
Û + 1) at the next time n + 1 is
calculated as the current slope x(n)
Û plus this feedback kT s(n) plus
some disturbance:
x(n
Û + 1) = x(n)
Û + kT s(n) + w 2 (n),

(5)

where w 2 (n) is the slope disturbance. The system also progresses by:
1) adding the current slope into the inequity for the next time, and
2) keeping track of the cumulative inequity by adding the current
inequity to σ (n + 1). These state update equations are thus:
x(n + 1)

=

x(n) + x(n)
Û + w 0 (n)

σ (n + 1)

=

x(n) + α · σ (n).

(6)

These equations (5) and (6) implement the proportional, integral,
and derivative feedback terms as described and justified prior. In
short we can write
s(n + 1) = As(n) + w(n)

(7)

Models for understanding and quantifying feedback in societal systems
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a least-squares approach. Defining superscript + to indicate the
pseudoinverse of a matrix,

where
1

A =  1
k P


0
α
kI

1 
0  .
k D + 1

(8)

We note that we don’t measure all of the state variables at each
time, as we only measure directly the inequity x(n) at each time n.
Further, we measure only a noisy version of the inequity x(n). We
assume additive noise. To match the typical notation from linear
systems, we write s(n).
y(n) = Cs(n) + v(n),

(9)

where C = [1, 0, 0] and v(n) is the measurement noise at time n.

3.1

Autoregressive Time Constant Selection

To select a value of the parameter for the autoregressive filter on
the integral portion, we choose an appropriate time constant, τ and
calculate α as in (10).
1

α = e− τ

(10)

The selection of τ is domain-specific and should be based on a
reasonable estimate of the time for the impact of historical inequity
to decay. For example, if we want terms in the cumulative sum to
decay in 10 years and there is one time step per year, α ≈ 0.9. If we
want the terms in the cumulative sum to decay in 100 time steps,
then α ≈ 0.99.

3.2

Model Parameter Estimation

Given the dynamic model in (7) and a set of longitudinal data for
{y(n)}n , we want to estimate what parameters of the model are
associated with its temporal dynamics. As stated, there is noise in
the measurement, and there are disturbances that contribute to the
state that are not explained by the PID feedback model. How do we
select values for the parameters k and α from a longitudinal data
set?
We provide one method here. Some systems identification methods estimate the entire update matrix A from (8), but for our purposes, we only estimate the k parameters. For our three k parameters, k P , k I , and k D , we derive a least squares estimator as follows.
We define a vector ∆s(n) = s(n + 1) − s(n). An equation for ∆s(n)
can be written by subtracting s(n) from both sides of (7):
∆s(n) = (A − I )s(n) + w(n),

(11)

where I is the 3x3 identity matrix. Focusing on the 3rd row of the
vector ∆s(n), since it is the one element that is a function of the
unknown k parameters,
x(n
Û + 1) − x(n)
Û
= kT s(n) + w 2 (n).

(12)

Defining x(n)
Ü = x(n
Û + 1) − x(n),
Û
we can then say that:
xÜ

=

Sk + w2 , where,

xÜ

=

[x(1),
Ü
. . . , x(N
Ü )]T

w2

=

[w 2 (1), . . . , w 2 (N )]T

S

=

[s(1), . . . , s(N )]T

(13)

where we have recorded data from time n = 0 to N + 1. We could
estimate k in multiple ways, but one easy way would be to use

k̂ = (S T S)+S T xÜ .

(14)

We note that this estimate is the maximum likelihood estimate in a
Gaussian noise case. In short, if we have the full state s(n) for all
times n, we can form the matrix S and vector xÜ and compute an
estimate for k̂.
However, we don’t start out with a known state – we only measure y(n) at all times. Thus it is necessary, in order to estimate the
parameters k, to first estimate the state s(n) for all time n. This creates a chicken-and-egg question. A standard approach is to use an
expectation maximization (EM) approach to alternately 1) calculate
the expected value of the sequence of states {s(n)}n for all n, and
then 2) find the system parameters which maximize the likelihood
given the calculated states [17]. In our case, this second part is
calculated with (14). The first part is described in Section 3.3.

3.3

State Estimation

Since we do not measure the state directly or in the absence of
noise, our model says that we don’t know exactly what the current
inequity is, or its slope or cumulative sum. Given a historical set
of data measuring the inequity, and known parameters k, we use a
Bayesian smoother to estimate the state [57]. We denote this state
estimate as ŝ(n) for n ∈ {1, . . . , N }.
As described above, from the state estimates we calculate the
change in slope xÜ which we use with the state S in (14) to re-estimate
k. We iterate this algorithm until convergence, which we note in
practice takes less than 10 iterations.

4

EXPERIMENTS

We test our model on the following real-world datasets:
(1) Earnings, Men vs. Women: The inequity between men and
women’s earnings is commonly referred to as the gender
pay gap, although we note that we do not have a data set
inclusive of other genders. For the U.S., we use annual data
from 1960 to 2018 [46]. Compiled from U.S. Census data,
the data refers to the ratio of median income between men
and women full-time, year-round workers. In 2018, women
workers’ median pay was $0.82 per dollar of men workers’
median pay. Equivalently, we use the inverse, that is, median
pay for men divided by the median pay for women, or 1.22,
and subtract 1 to obtain an inequity of 0.22.
(2) Voting, White vs. Black: The percentage of white people who
voted divided by the percentage of Black people who voted
in the U.S., according to data collected by the U.S. Census
Bureau [63]. This data is for national congressional or presidential elections, i.e., every even year, since 1964.
(3) Income, Top 10% of Earners vs. 10% of All Income: We take the
total income of people in the top 10% by income and divide
it by 10% of the sum of the income of all people in the U.S.
This value is thus a ratio of how much more the people in
the top 10% are paid than they would if income was split
evenly among all people. The data comes from U.S. tax data
collected by Piketty and Saez [51, 54].
We consider the following experimental questions:

FAccT ’22, June 21–24, 2022, Seoul, Republic of Korea

Reader, et al.

0.8
x(n), Pay Gap Men vs. Women

x(n), Pay Gap Men vs. Women

0.8
0.6

0.6

0.4

0.4

0.2
0.0

0.2

Actual Training
Predicted Test
Actual Test

0.0

1960 1968 1976 1984 1992 2000 2008 2016

Year

1960 1968 1976 1984 1992 2000 2008 2016

0.5
0.4
0.3
0.2
0.1
0.0

−0.1

Actual Training
Predicted Test
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0.3
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0.0

Actual Training
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5

Actual Training
Predicted Test
Actual Test

4

3
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3

2

2

1

1

0
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Figure 3: Training the model only from the historical (Col #1) first 1/2 of data; (Col #2) first 2/3 of the data, we estimate PID
model parameters. Then we extrapolate (simulate the model) to forecast the remaining years, and compare to the actual test
period data, when x(n) is the U.S. (a) earnings inequity of men vs. women; (b) voting inequity of white vs. Black; (c) income
inequity of top 10%. In all plots, x(n) is as defined in (1), and a value of 0 (—–) is equity.
•
•
•
•
•

How well does the model forecast future inequity?
How can one interpret the model parameters?
When does the model perform poorly?
How does the model compare to existing simple models?
How can we use the model to understand possible effects of
new policies or algorithms?

All code and data for the experiments can be found at this repository, https://github.com/long-term-dynamics/feedback-modeling/
tree/facct-2022.

4.1

Future Inequity Estimation and Parameter
Interpretation

In this section, we divide the past into a training period and a test
period in order to validate the model’s extrapolation performance
vs. real world changes in inequity in society. In other words, we
essentially pick a threshold year for the purpose of evaluation; the
model is trained on the data up to and including the threshold year,
and the model then runs, starting with the next year through the
present. Since we have data to the present (which was not used in
the training) we can see how well the model estimates the “future”.

Models for understanding and quantifying feedback in societal systems

Data Set
# Name
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Training
Proportional Integral Derivative
Data Used
kP
kI
kD
First 1/2
0.0279
-0.0051
-1.07
First 2/3
0.0372
-0.0066
-1.25
1 Pay Gap Men vs. Women
10
All
0.0235
-0.0045
-1.08
Second 1/2
-0.0173
-0.0012
-1.22
-0.0511
-0.0075
-1.63
First 1/2
First 2/3
-0.0729
-0.0033
-1.53
2 Voting Gap White vs. Black 20
All
-0.0656
-0.0062
-1.71
Second 1/2
-0.0595
-0.5278
-0.96
First 1/2
-0.0150
0.0008
-1.31
First 2/3
-0.0218
0.0014
-1.25
3 Income of Top 10%
100
All
-0.0129
0.0006
-0.80
Second 1/2
0.0160
-0.0005
-0.72
Table 2: PID model parameters estimated from training. Values are interpreted as: Next year’s slope increases by k P times
the current inequity, increases by k D times the current derivative, and increases by k I times the current cumulative sum. All
parameters with signs that increase inequity are red, those that decrease inequity are black, as detailed in Section 4.1.
τ (yrs)

Our results on our three data sets are shown in Figure 3. We test
(in the left column) using the first half of data for training, and also
(in the right column) using the first 2/3 of the data for training. The
training is shown as a green solid line, and the actual reserved test
data is shown with a green dashed line, and compared to a blue
solid line for the model prediction.
We report the estimated model parameters in Table 2. We advocate for this model, in part, because the model parameters are
interpretable as quantifying feedback types. As detailed in Equations (7) and (8), next year’s slope, x(n
Û + 1), is k P times the current
inequity x(n), plus k I times the weighted cumulative sum of inequity, plus k D + 1 times the current slope2 . In all of our data sets,
the current inequity and historical inequity, x(n) and σ (n) respectively, are both positive. Thus any k P < 0 or k I < 0 push the
model toward forecasting a decrease in inequity in the future, while
k P > 0 or k I > 0 would push the model toward forecasting an
increase in inequity. However, the sign on the derivative term has
a different effect. k D < 0 indicates a push in the model against the
current change. If the current slope is negative, the effect of k D < 0
is to forecast slowed down progress towards equity. In contrast, if
k D > 0, the derivative feedback reinforces the current direction of
change predicted in the system. For each model, we next describe
the performance and interpret the parameters.
Earnings, Men vs. Women: The top row of Figure 3 shows forecasts
for the gender pay gap. We chose an integral term time constant α
that corresponds to a decay time of 10 years. The model predicts
the downward slope of the data closely when trained on the first
half of the data set. When trained on the first 2/3, the model predicts the gender pay gap to decrease more quickly than it actually
did. Considering the parameters trained on the entire dataset, the
positive sign on k P indicates a positive association between current
inequity and future inequity while the sign of k I suggests a negative
relationship between cumulative inequity and future inequity. The
negative sign on k D is associated with opposition to the current
change. In other words, our model finds that only the cumulative
2 Note

the +1 comes from the fact that the current slope stays the same in the absence
of any feedback.

income gap is correlated with progress toward equity, while the
current pay differences and decrease in the gap over time correlate
with feedback against equity.
Voting, White vs. Black: For the voting gap, we chose a time constant such that there is a decay time of approximately 20 years.
The voting gap data is particularly noisy, driven in part by different participation rates between presidential election years and
non-presidential election years, as well as driven by particular candidates. For example, the 2008 and 2012 elections with President
Barack Obama on the ballot had particularly high turnout among
Black voters. Nevertheless, the shape of the model forecast closely
matches the actual values in the test period. In the voting gap
dataset, both k P and k I correlate with reduced inequity for every
training set used, while the sign of k D indicates a resistance to
the decreasing inequity. Because the actual data oscillates election
to election, i.e. a decrease in inequity one timestep is followed by
an increase in inequity the next, the magnitude of k D is generally
large. Overall, increasing Black participation in voting (relative to
white participation) is found to correlate with resistance.
Income, Top 10% of Earners vs. 10% of All Income: We predicted
that the cumulative effect of past inequity would persist much
longer into the future in the case of income inequality because
excess income is accumulated without loss over time. Therefore, we
selected a time constant of 100 years. Notably, this model does not
perform as well when trained on the first half of data, i.e., a period
of constant and low inequity from 1945-1981. It may be because the
model parameters changed dramatically between the first half and
the last half of the data set, coinciding with a wave of tax, benefit,
and unionization policy changes starting in the US after 1980 [19].
We can observe, comparing the model parameters when trained on
the “First 1/2” vs. on the “Second 1/2”, that the proportional parameter switches from negative to positive, while the integral parameter
switches from positive to negative. As stated previously, positive
values of k P mean that the slope increases (towards higher inequity)
while there is current inequity. We interpret this as saying in the period 1945-1981, the current inequity is associated with a reduction
of inequity, while the cumulative history of inequity is associated
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with increased inequity. In contrast, in the period 1982-2018, our
model finds evidence of a dramatic change in the dynamics of income inequality. In this timeframe, the sign of the proportional
term indicates a positive relationship with future inequity and the
integral term correlates with movement toward a smaller income
gap, though with a weaker effect as indicated by the smaller magnitude of k I . The smaller k D similarly suggests a weaker relationship
between rising income inequality and movement toward equity.

4.2

How does the model compare to existing
simple models?

In this section, we compare the PID model test forecasts to those
generated by other simple regression models that can be learned
from a sequence of one-dimensional historical data. We calculate
the root mean squared error for linear regression, polynomial interpolation, and decision tree regressors 3 and compare to the PID
model. The results for each dataset and training set are shown in
Figure 4.
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nature of feedback in the gender pay gap system could be significantly altered? Consider the example of salary history being used
to determine the offered salary for a candidate for a job. The salary
history question is believed to perpetuate pay gaps as workers who
are currently underpaid tend to get offered lower salaries when
taking a new job. For example, consider that Washington University
in St. Louis by policy limits the salary increase for in-university
transfers to a maximum of 15%. For people without the privilege to
start their career at a highly paid position (often women of color),
climbing the ladder can lead to a higher position but, due to salary
history policies, sometimes absurdly low pay compared to others
in the same job.
When California banned employers from using salary history
in 2018, it is estimated that this led to a 1% improvement in the
gender pay inequality ratio over a synthetic control in the studied
year [20]. We might hypothesize that the feedback effect of the
salary history question is proportional – current pay inequity leads
directly to future pay inequity. Let us use this hypothesis in the
PID framework to investigate the possible long-term effects of
the policy under the assumption this policy is the only significant
change to the dynamics of the gender pay gap. Let us define the PID
model of the pay gap system using the parameter estimates from
the entire dataset as shown in Table 2, k P = 0.0235, k I = −0.0045,
and k D = −1.08. We define the policy to have its own PID terms,
′ . If we assume that the salary history ban policy effects
k P′ , k I′ , k D
′ = 0.
only the proportional term, then we can assume k I′ = 0, k D
To calculate k P′ , we consider the the additive effect of the policy
parameters on the system parameters. In 2019, the system with the
policy would have a 1% lower output than the system alone. Using
(6), we derive an equation to solve for k P′ .
x(2018) + xÛ ′ (2018)
= 0.99
x(2018) + x(2018)
Û

Figure 4: RMS errors with respect to test data for each of the
comparison methods as well as the PID model for each of
the datasets and training combinations.
Overall, we find that although there is no single model with
lowest error across all datasets and training options, the PID model
has one of the lowest error values in general. Given this, as well as
the interpretability and manipulatability of the model as described
previously in this section, we believe that PID is a useful addition
to the set of existing simple models.

4.3

What is the Impact of New Policies?

The gender pay gap is decreasing, but as discussed previously, the
rate of decrease is slowing down. What would the effects be if the
3 All

are implemented using sklearn’s packages and default parameters, with degree of
3 chosen for the polynomial interpolation.

(15)

where xÛ ′ (n) = x(n
Û − 1) + (k P +k P′ )x(n − 1) +k I σ (n − 1) +k D x(n
Û − 1).
By substituting in the data on the gender pay gap, we find that
k P′ = −0.0536.
When we simulate the gender pay gap system with and without
the salary history ban, we can see that including the policy in the
model makes the forecast approach equity much more quickly than
the system without the policy. While the policy only results in a
1% decrease in inequity initially, over time, the effects of the policy
are expected to be larger. However, it is important to note that
the annual 1% improvement in the first year does not continue
indefinitely. The PID model here accounts for the existing avenues
of societal feedback that, over time, push against the initial change,
such that the slope in year 2040 is approximately the same with or
without the policy.
However, this line of analysis makes some very significant assumptions, namely that this policy alone is the only change in the
dynamics of the gender pay gap. It is certainly possible that as one
policy is passed that reduces the effects of proportional feedback,
the backlash can lead to the creation of new mechanisms to counteract this change, such that effective k parameters are not as expected.
Progress is not inevitable, and while it certainly good to consider
the best-case long-term effects of a policy, it should not be assumed
that a single action is enough to dramatically alter a long-lasting
system of inequity.
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linear feedback systems theory [31] that help analyze dynamics
and stability.

5.2

Figure 5: Forecasted gender pay inequity with the salary history ban in effect and without the salary history ban.

5 RELATED WORK
5.1 Long-term Fairness
Our work is situated within the study of long-term fairness effects
in the presence of feedback, which now admits a growing literature.
For more on the broader framework of sequential decision-making
(and the associated feedback) see also the survey by Zhang and Liu
[69] and the review article by Chouldechova and Roth [8].
In a general sense, much of the prior work on long-term effects
of fairness has focused on a single decision system with somewhat
explicit modeling of agent behavior. Prior work has either focused
on two-stage pipelines (where one decision causes a reaction followed by another) [23, 29, 33] or finite or infinite-horizon decision
making [12, 21, 25, 34, 45, 68]. These approaches are primarily
model-based. Other model-based approaches use Markov decision
processes (MDPs) to capture agent behavior and use simulation
techniques to analyze a system [11, 47]. MDPs can also be formally
analyzed for long-term effects on group and individual fairness
as explored by D’Amour et al. [11], Jabbari et al. [26], Joseph et al.
[28], Wen et al. [66]. For a discussion of long term fairness that does
not explicitly model agent behavior and considers system dynamics,
we consider the work by Mouzannar et al. on affirmative action
[44]. In this paper, group outcomes are considered under different
affirmative action policies within different systems to explore the
cases in which affirmative action is an appropriate policy to reach
long-term equality.
For a more ’model-free’ approach, we turn to the effect of feedback in the context of predictive policing [14]. The interaction
between predictive policing software and policing itself are analyzed using a discrete urn model, and the feedback is shown to
be positive, i.e., resulting in divergence; Police end up vastly overpolicing one neighborhood, regardless of the neighborhood crime
rates [14]. The model in this paper adds complementary tools; it
provides a continuous-valued model rather than a discrete-valued
model, and it provides a connection to analysis methods within

Economic Models of Inequality

Most of the economic literature on inequality is about the relationship between growth and inequality. The literature refers to
either political economy or wealth effect arguments [3] in which
the economy is populated by a continuum of agents who are evolving over time (using agent-behavior modeling) to either maximize
individual gain or to bring about economic growth. In addition,
many such studies of inequality are built upon wealth distributions
where some form of general-equilibrium or quantitative models
with heterogeneous agents are in place [3, 6, 27]. Other models
to forecast economic inequality require a concrete understanding
of the macroeconomic explanatory parameters of the system. The
model requires explanatory parameters to fit historical data and
forecast future inequality. Examples of such parameters include human capital attainment, labor force indicators and macroeconomic
indicators, e.g., GDP and inflation [18]. Note that the Lorenz Curves
[35], the Gini coefficient [43], and Theil index [42] are some of the
most well-known inequality measures, but are not models that can
be used to predict the trajectory of future inequities.
In our approach, we do not need to have such detailed information about the macro-economic and explanatory parameters of the
system (which might not even be available or extractable from the
data). In addition, our view point is broader than individual-based
optimization, allowing forecasting of the production and long-term
sustainability of equity in a social system.
The area of “systems dynamics” applies feedback modeling to
study the complex dynamical behaviors of economic and social
systems, for example, the interaction between road construction,
recycling, and mining [38]. Specific feedback mechanisms, including delays, differential and/or integral effects, are assumed to exist,
and specified with each model. In model-building in social work,
community engagement can be used to elucidate all of the possible feedback loops in the system [24]. Our paper is similar in that
it mathematically models feedback with a systems approach, but
we don’t attempt to model each loop explicitly, but rather build a
simplified model with historical data.

6

LIMITATIONS AND FUTURE WORK

We provide some discussion of the limitations of our model as well
as future lines of investigation to address these limitations.
Portability trap. Are we falling into the “portability trap” [59]?
We train our model for each domain / data set, and do not make
assumptions about the particular structure of any one system of
inequality. However, we are making model assumptions that may
not hold in every case — we do not anticipate that a linear feedback model will be sufficient, or that proportional, integral, and
derivative terms are best to model the actual mechanisms that keep
systemic inequality in place in every type of inequity.
Perception vs. Reality. We use measurements of inequity as the
driver for societal feedback mechanisms. However, people’s estimates of the level of inequity are inaccurate in the U.S. and U.K.,
and their estimates are heavily influenced by how much inequality
they see locally [22]. If people support policies based on perceived
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inequity, and perceived inequity is not proportional to measured
inequity, this could affect the accuracy of our model. Our model
presumes that, society-wide, future changes in inequity are at some
level influenced by present, historical, and past changes in measured
inequity.
Multidimensionality of Oppression. We model only one inequity
measure at a time. In reality, multiple factors contribute to the totality of oppression [16]. For example, the income gap leads to the
wealth gap, which then increases the health equity gap. As another
example, inequity in the educational system produces future inequity in the criminal justice system [67] via a mechanism called
the school-to-prison pipeline. We can imagine extending the model
to include multiple measures, and the feedback between different
states, although the model complexity would grow.
Measure of Inequity. As discussed in Section 3, we subtract one
from a ratio of outcomes between two groups in our calculation of
inequity, x, to ensure that x = 0 is equivalent to equality between
groups. However, this causes asymmetry where if “group A” and
“group B” are reversed, x is non-symmetrical. If x were instead
defined as the logarithm of the ratio between the outcomes for
group A and group B, then inequity would be symmetrical between
groups, and |x | would be equivalent, regardless of which group was
selected to be group A or group B. This modification, suggested by
a reviewer of this paper, is an interesting direction for future work.
Setpoint of Equity. In our model, the set point is equity, meaning
that a system currently at equity with no historical inequity will
not change unless there is a disturbance to the system. We use a
set point of equity because we advocate for policies that “produce
or sustain equity” between groups [30], but we recognize many
people do not share a goal of equity [60]. We leave the development
of models that do not have a set point of equity to future work.
Exogenous Shocks. Our model provides the functionality to consider the effects of exogenous shocks to the system as shown by
the disturbance term, w(n), in Figure 2. However, in this paper,
we do not utilize this term explicitly. It may be useful to model
the California policy in Section 4.3 as a disturbance to the system,
rather than as a change to the model parameters. In the future, we
would like to explore the insights from explicitly modeling this
disturbance term.

7

CONCLUSION

We present arguments for, and methods to generate, a model for
the feedback present in societal systems of inequity. Inequities in
outcomes due to racism, sexism, classism, and other systems of
oppression are preserved by feedback mechanisms which maintain
the status quo, and are reduced by mechanisms which push to
address disparities. We build a model with proportional, integral,
and derivative feedback terms, and show how historical data can
be used to estimate the model’s parameters, which then quantify
how much of each type of feedback exists in society. We use the
model to forecast future trajectories of the inequity and compare
our model to alternatives, and show that the error is generally lower
than other simple modeling methods. The parameters represent the
particular mechanisms, which if changed, would quantitatively alter
the trajectory. The model thus introduces a connection between
linear systems theory and systemic oppression which could be
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useful in the modeling and analysis of policy and other mechanisms
designed to address social inequity.
Answering the question, “when will we reach equity?” is not
just an exercise. U.S. Supreme Court Justice Sandra Day O’Connor,
writing the majority opinion in Grutter v. Bollinger that preserved
affirmative action, wrote that the “Court expects that 25 years from
now, the use of racial preferences will no longer be necessary” [64].
That was 19 years ago; racial inequity in college admissions persists,
and O’Connor has since said “That may have been a misjudgement”
[62]. But we hope that the model we introduce can do more than
provide a likely imperfect window into the future. By explicit reporting of the proportional, integral, and derivative terms, we posit
that those seeking equity and those interested in projecting into
the future may be better able to reason about the relative impacts
of current inequity, longstanding and accumulated inequity, and
resistance to – or support for – change.
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